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1 Introduction
We begin with a classical theorem, attributed to T.A. Chapman [4], on sucking and wrapping
up manifolds over the real line. Recall that the infinite cyclic group C∞ acts on the real line
R by integer translations.
B. Hughes · Q. Khan
Department of Mathematics, Vanderbilt University, Nashville, TN 37240 U.S.A.
E-mail: bruce.hughes@vanderbilt.edu · qayum.khan@vanderbilt.edu
2Theorem (Chapman) Let W be a connected topological manifold of dimension > 4. The
following statements are equivalent:
1. The space W is finitely dominated, and there exists a cocompact, free, discontinuous
C∞-action on W.
2. There exists a proper bounded fibration W → R.
3. There exists a manifold approximate fibration W → R.
4. There exist a C∞-action on W and C∞-manifold approximate fibration W → R.
5. There exists a manifold approximate fibration M → S1 with M homeomorphic to W .
This theorem can be viewed as an answer to the question:
When does a finitely dominated manifold W admit a cocompact, free, discontinuous
action of the infinite cyclic group C∞?
There are two essentially different answers. The first, spelled out by conditions (2) and (3),
is that W admits a proper map to R with bounded or controlled versions of the homotopy
lifting property (called a bounded or approximate fibration). The equivalence of the bounded
and controlled versions is the main advance of Chapman’s paper [4] (which was preceded
by the Hilbert cube manifold case in [3]), and it is part of the phenomenon called sucking.
The second answer, formulated in conditions (4) and (5), is that the approximate fibra-
tion W → R can be made equivariant with respect to some C∞-action on W , or that W → R
can be wrapped-up to an approximate fibration M → S1. Chapman’s wrapping-up construc-
tion is a variation of Siebenmann’s twist-gluing construction (where the twist is the identity)
used by him [28] in his formulation of Farrell’s fibering theorem [12] (for more details see
[16]). From this point of view, the question that is being raised is:
Given a discrete subgroup Γ of isometries on R and a manifold approximate fibra-
tion W → R, can the Γ -action on R be “approximately lifted” to a free, discontinu-
ous Γ -action on W, so that there is a Γ -manifold approximate fibration W → R?
Chapman proves that this can always be done when Γ =C∞ and dimW > 4.
Since our formulation of Chapman’s theorem does not appear explicitly in [4], we in-
clude a proof, which is actually a guide to finding the proof in the literature. Most aspects
of this theorem were discovered independently by Ferry [13]. An analysis of many of the
details appears in [16].
Proof The implication (1) =⇒ (2) follows from Proposition 7.1 and then [16, Proposition
17.14]. The implication (2) =⇒ (3) is the case n = 1 in Corollary 3.35, which is the ε-δ
version of Chapman’s sucking principle. The implication (3) =⇒ (2) is clear from the defi-
nitions. The implication (3) =⇒ (4) is [16, Lemma 17.8], which uses Hughes’s approximate
isotopy covering principle instead of an argument of Chapman (cf. [16, Rmk. 17.9]). The
implication (4) =⇒ (5) follows by taking the quotient of W →R by the free C∞-action. The
implication (5) =⇒ (3) follows from taking the infinite cyclic cover of M → S1. Finally,
since W has the proper homotopy type of a locally finite simplicial complex [24, Essay
III, Thm. 4.1.3], the implication (4) =⇒ (1) follows from the elementary argument of [16,
Prop. 17.12]. ⊓⊔
The theme of this paper is to extend Chapman’s results from the smallest infinite discrete
group of isometries on R, namely the infinite cyclic group C∞, to the largest discrete group
of isometries on R, namely the infinite dihedral group D∞. In particular, our main result can
be viewed as an answer to the question:
3When does a finitely dominated manifold W admit a cocompact, free, discontinuous
action of the infinite dihedral group D∞?
The main technical issues that arise involve the fact that D∞ has torsion; it has a non-
trivial finite subgroup, namely the cyclic group C2 of order two, which acts by reflection on
R fixing the origin. The lifted D∞-action on W contains a C2-action on W with a nonempty
invariant subset. For notation, for any N ≥ 1, consider the dihedral groups
D∞ := C∞⋊−1 C2
DN := CN⋊−1 C2.
In particular, D1 =C2. There are short exact sequences
0−→C∞ −→ D∞ −→C2 −→ 0
0−→ N ·C∞ −→ D∞ −→ DN −→ 0.
Fix presentations:
C∞ = 〈T | 〉
C2 = 〈R | R2 = 1〉
D∞ = 〈R,T | R2 = 1,RT = T−1R〉.
The D∞-action on R by isometries is given by R(x) =−x and T (x) = x+1.
Our main theorem, which we now state, contains analogues of all parts of Chapman’s
theorem.
Theorem 1.1 (Main Theorem) Let W be a connected topological manifold of dimension
> 4. The following statements are equivalent:
1. The space W is finitely dominated, and there exists a cocompact, free, discontinuous
D∞-action on W.
2. There exist a free C2-action on W and proper C2-bounded fibration W → R.
3. There exist a free C2-action on W and C2-manifold approximate fibration W → R.
4. There exist a free D∞-action on W and D∞-manifold approximate fibration W → R.
5. For every N ≥ 1, there exist a free DN -action on a manifold M and DN -manifold ap-
proximate fibration M → S1 with induced infinite cyclic cover M homeomorphic to W.
The prototypical example of a manifold W satisfying the conditions of Theorem 1.1
is the product W = Sn ×R, where the D∞-action on W is given by T (x, t) = (x, t + 1) and
R(x, t) = (−x,−t).
Here is a guide to finding the proof of the theorem in the rest of the paper.
Proof The implication (1) =⇒ (2) follows from Proposition 7.1 and then Theorem 7.6. The
implication (2) =⇒ (3) is the special case of G = C2 and n = 1 in Corollary 6.2, which
requires freeness. The implication (3) =⇒ (2) is clear from the definitions. The implication
(3) =⇒ (4) is Theorem 8.1. The implication (4) =⇒ (5) follows by taking the quotient by
the action of the subgroup N ·C∞, where N ≥ 1. The implication (5) =⇒ (3) follows from
taking the infinite cyclic cover of M → S1 for the special case D1 =C2.
Finally, consider the implication (4) =⇒ (1). Restrict the D∞-action on W and the D∞-
manifold approximate fibration p : W → R to the finite-index subgroup C∞. Therefore, by
the implication (4) =⇒ (1) in Theorem 1, we obtain that W is finitely dominated and the
C∞-action (hence the D∞-action) on W is cocompact, free, and discontinuous. ⊓⊔
4Most of the work in this paper applies to settings more general than the real line in the
main theorem. We now discuss some of the highlights.
The first is a variation on the well-known property that close maps into an ANR B are
closely homotopic. In the compact case, closeness is measured uniformly by using a metric
on B. In the non-compact case, open covers of B are used (see Section 3.2). In this paper we
are confronted with metrically close maps into a non-compact ANR (B,d) which we want
to conclude are metrically closely homotopic. We isolate a condition, called finite isometry
type, that allows us to do this. Here is the result.
Theorem 1.2 Suppose (B,d) is a triangulated metric space with finite isometry type. For
every ε > 0 there exists δ > 0 such that: if X is any space and f ,g : X → B are two close
δ -close maps, then f and g are ε-homotopic rel
X( f=g) := {x ∈ X | f (x) = g(x)}.
See Section 3.1 for the definition of finite isometry type and Section 3.2 for a proof of
the theorem (Proposition 3.16).
Likewise, we need a metric version of Chapman’s manifold approximate fibration suck-
ing theorem, which has an open cover formulation in Chapman’s work. We again find the
finite isometry type condition suitable for our purposes.
Theorem 1.3 (Metric MAF Sucking) Suppose (B,d) is a triangulated metric space with
finite isometry type, and let m > 4. For every ε > 0 there exists δ > 0 such that: if M is an
m-dimensional manifold and p : M → B is a proper δ -fibration, then p is ε-homotopic to a
manifold approximate fibration p′ : M → B.
The proof of Theorem 1.3 is found in Section 3.3 (use Corollary 3.32, Proposition 3.16).
The following result is an equivariant version of Theorem 1.3, valid for many finite
subgroups of O(n). We will need it only for the simplest non-trivial case of C2 ≤O(1) when
we perform dihedral wrapping up. However, we expect future applications in the theory of
locally linear actions of finite groups on manifolds.
Theorem 1.4 (Orthogonal Sucking) Suppose G is a finite subgroup of O(n) acting freely
on Sn−1, and let m> 4. For every ε > 0 there exists δ > 0 such that: if M is a free G-manifold
of dimension m and p : M → Rn is a proper G-δ -fibration, then p is G-ε-homotopic to a G-
manifold approximate fibration p′ : M → Rn.
The proof of Theorem 1.4 is located in Section 6.
Let us consider an example that illustrates how one may enter into the situation of The-
orem 1.1. Consider an equivariant version of Farrell’s celebrated fibering theorem [12] [11],
which solves the problem of when a map f : M → S1 from a high-dimensional manifold M
to the circle S1 is homotopic to a fiber bundle projection. One usually inputs the necessary
condition that M be finitely dominated. The first non-trivial equivariant version of this prob-
lem concerns the action of C2 on S1 by complex conjugation and a free action of C2 on M.
The prototypical example of such a C2-fiber bundle is the projection p : Sn×S1 → S1, where
the free C2-action on Sn × S1 is given by R(x,z) = (−x, z¯). Observe that the orbit space is
a connected sum of projective spaces, (Sn × S1)/C2 = RPn+1#RPn+1. With this action of
C2 on M = Sn×S1, the infinite cyclic cover is p : M = Sn×R→ R with the D∞-action de-
scribed above. In the language of Section 7, (M, f ,R) is a C2-manifold band. It is shown in
Theorem 7.6 that f : M → R is a C2-bounded fibration. Thus, Theorem 1.1 is a preliminary
step in constructing a C2-relaxation of a C2-manifold band, following Siebenmann’s [28]
approach in the non-equivariant case. We expect to return to the C2-fibering problem in a
future paper.
52 Preliminary notions
This section contains most of the standard terminology that we will use throughout the paper.
In addition, there are statements of two known principles that we will need: relative sucking
and approximate isotopy covering.
By manifold we mean a metrizable topological manifold without boundary. An action
of a discrete group Γ on a topological space X is discontinuous if, for all x ∈ X , there exists
a neighborhood U of x in X such that the set {g ∈ Γ |U ∩g(U) =∅} is finite. The action is
cocompact if X/Γ is compact. In this paper, every ANR (absolute neighborhood retract) is
understood to be locally compact, separable, and metrizable.
We denote the natural numbers by N := Z≥0 = {0,1,2,3, . . .}, and the unit interval by
I := [0,1]. For each k ∈ N and r > 0, denote the open and closed cubes:
◦
Bkr := (−r,r)k ⊆ Bkr := [−r,r]k ⊆Rk.
We denote the various open cones on a topological space X as follows:
◦
c(X) := (X × [0,∞))/(X ×{0})
cr(X) := (X × [0,r])/(X ×{0})
◦
cr(X) := (X × [0,r))/(X×{0}) .
If (Y,d) is a metric space, ε > 0, and H : X × I → Y is a homotopy, then H is an ε-
homotopy if the diameter of H({x}× I) is less than ε for all x ∈ X . The homotopy H is a
bounded homotopy if it is an ε-homotopy for some ε > 0. Given two maps u,v : W →Y , we
say that u is ε-close to v if d(u(w),v(w))< ε for all w ∈W . Furthermore, given µ > 0 and
A⊆Y , we say that u is (ε ,µ)-close to v with respect to A if u is ε-close to v and u|v−1(A) is
µ-close to v|v−1(A).
2.1 Lifting problems
The notion of approximate fibration is due to Coram–Duvall [8]. A convenient source for
the following definitions is [16, §16].
Definition 2.1 Let (Y,d) be a metric space, and let p : X →Y be a map.
1. Let ε > 0. The map p is an ε-fibration if, for every space Z and commutative diagram
Z X
Z× I Y
❄
×0
✲f
❄
p
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲F
there exists an ε-solution. That is, there exists a homotopy ˜F : Z × I → X such that
˜F(−,0) = f and p ˜F is ε-close to F . The above diagram is a homotopy lifting problem.
2. Let ε > 0 and A ⊆ Y . The map p is an ε-fibration over A if every homotopy lifting
problem with F(Z× I) ⊆ A has an ε-solution. In particular, the map p is a ε-fibration
if p is a ε-fibration over Y .
63. The map p is a bounded fibration if p is an ε-fibration for some ε > 0. The map p is a
manifold approximate fibration (MAF) if X and Y are topological manifolds and p is
a proper ε-fibration for every ε > 0.
Remark 2.2 By an ε-fibration, Chapman [4] means a proper map between ANRs, that is, an
ε-fibration for the class of locally compact, separable, metric spaces. This restriction on the
class of spaces is of no consequence in the present paper as can be seen in either of two ways.
First, the reader will note that the only property we use of ε-fibrations is the ε-homotopy
lifting property for compact, metric spaces. Second, the techniques of Coram–Duvall [6]
can be adapted to show: for a proper map E → B between ANRs, the δ -homotopy lifting
property for compact, metric spaces implies the ε-homotopy lifting property for all spaces
(where δ > 0 depends only on ε > 0 and the metric on B).
2.2 Equivariant lifting problems
The notion of (ε ,ν)-fibration is due to Hughes [19]. See Prassidis [26] for a more complete
treatment.
Let G be a group. A G-space is a topological space with a left G-action, and a G-map
between G-spaces is a continuous, equivariant map. Throughout the paper, we assume that
the unit interval I is a trivial G-space.
Definition 2.3 Let (Y,d) be a metric space, and let p : X →Y be a G-map.
1. Let ε > 0. The map p is a G-ε-fibration if, for every G-space Z and commutative dia-
gram of G-maps:
Z X
Z× I Y
❄
×0
✲f
❄
p
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲F
there exists a G-ε-solution. That is, there exists a G-homotopy ˜F : Z× I → X such that
˜F(−,0) = f and p ˜F is ε-close to F . The diagram above is called a G-homotopy lifting
problem.
2. Let ε > 0 and A ⊆ Y . The map p is a G-ε-fibration over A if every G-homotopy lift-
ing problem with F(Z× I) ⊆ A has a G-ε-solution. In particular, the map p is a G-ε-
fibration if p is a G-ε-fibration over Y .
3. The map p is a G-bounded fibration if p is a G-ε-fibration for some ε > 0. The map p
is a G-manifold approximate fibration (G-MAF) if X and Y are topological manifolds
and p is a proper G-ε-fibration for every ε > 0.
4. Let ε ,µ > 0 and A ⊆ B ⊆ Y . The map p is a G-(ε ,µ)-fibration over (B,A) if every G-
homotopy lifting problem with F(Z× I) ⊆ B has a G-(ε ,µ)-solution over (B,A). That
is, there exists a G-homotopy ˜F : Z×I →X such that ˜F(−,0) = f and p ˜F is (ε ,µ)-close
to F with respect to A.
2.3 Stratified lifting problems
See Hughes [14] for the definitions here.
7Definition 2.4 Let X be a topological space.
1. A stratification of X is a locally finite partition {Xi}i∈I for some set I such that each
Xi, called the i-stratum, is a locally closed subspace of X . We call X a stratified space.
2. If X is a stratified space, then a map f : Z×A → X is stratum-preserving along A if,
for each z ∈ Z, the image f ({z}×A) lies in a single stratum of X . In particular, a map
f : Z× I → X is a stratum-preserving homotopy if f is stratum-preserving along I.
Definition 2.5 Let (Y,d) be a metric space, and let p : X → Y be a map. Suppose X and Y
are spaces with stratifications {Xi}i∈I and {Y j} j∈J .
1. The map p is a stratified fibration if, for every commutative diagram
Z X
Z× I Y
❄
×0
✲f
❄
p
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲F
with F a stratum-preserving homotopy, there exists a stratified solution. That is, there
exists a stratum-preserving homotopy ˜F : Z× I → X such that ˜F(−,0) = f and p ˜F = F .
The diagram above is called a stratified homotopy lifting problem.
2. Let ε > 0. The map p is a stratified ε-fibration if, for every stratified homotopy lifting
problem, there exists a stratified ε-solution. That is, there exists a stratum-preserving
homotopy ˜F : Z× I → X such that ˜F(−,0) = f and p ˜F is ε-close to F .
2.4 Relative sucking
In Section 8 we will need the following relative version of Chapman’s MAF Sucking Theo-
rem [4, Theorem 1]. We include a proof that shows it is a formal consequence of Chapman’s
work.
Proposition 2.6 Suppose a1 < a3 < b3 < b1 are real numbers. For every m > 4 there exists
ε > 0 such that: if W is an m-dimensional manifold, p : W →R is a proper ε-fibration, and p
is an approximate fibration over (−∞,a3)∪ (b3,∞), then there exist a manifold approximate
fibration p′ : W → R and a homotopy p≃ p′ rel p−1((−∞,a1]∪ [b1,∞)).
Proof Let m > 4 be given. Let U be an open cover of (a1,b1) such that: if p : X → R is a
map and p|p−1(a1,b1) is U -homotopic to a map q : p−1(a1,b1)→ (a1,b1) via a homotopy
H, then H extends to a homotopy H˜ : p ≃ q˜ rel p−1((−∞,a1]∪ [b1,∞)). For example, this
property is satisfied by the open cover
U := {(x− rx,x+ rx)|x ∈ (a1,b1)} where rx := 12 min{x−a1,b1− x}.
By Chapman’s MAF Sucking Theorem [4, Thm. 1] (see Theorem 3.18 below), there exists
an open cover V of (a1,b1) such that: if M is an m-dimensional manifold and p : M →
(a1,b1) is a proper V -fibration, then p is U -homotopic to a MAF.
Next, select a2 ∈ (a1,a3) and b2 ∈ (b3,b1). Consider an open cover O of (a1,b1):
O := {(a1,(a2 +a3)/2),(a2,b2),((b3 +b2)/2,b1)} .
8By a local-global result of Chapman [3, Prop. 2.2] [4, Prop. 2.2], there exists an open cover
W of (a1,b1) such that any proper map of an ANR to (a1,b1) restricting to a W -fibration
over the closure of each member of O is a V -fibration. Finally, choose ε > 0 such that the
ε-ball about any point of [a2,b2] is contained in some member of W . One checks that ε
satisfies the desired conditions. ⊓⊔
2.5 Approximate isotopy covering
We begin with the 1-simplex version of the Approximation Theorem [20, Thm. 14.1].
Theorem 2.7 (Hughes) Let p : M×I →B×I be a fiber-preserving MAF such that dim M >
4. For every open cover δ of B, there exists a fiber-preserving homeomorphism H : M× I →
M× I such that H0 = idM and pH is δ -close to p0× idI . ⊓⊔
In [18, Theorem 7.1], the proof of the above theorem is given only for ε > 0 and closed
manifolds B that admit a handlebody decomposition (e.g. a compact, piecewise linear man-
ifold without boundary). However, as observed in [20, §14], that proof (by induction on the
index of handles) adapts to give a proof for any connected manifold B that admits a han-
dlebody decomposition. Moreover, the arguments in [20, §13] can be adapted to prove the
general case of B any topological manifold. In this paper, we only require the case of B =R.
A well-known consequence of Hughes’s Approximation Theorem is the Approximate
Isotopy Covering Theorem for MAFs (see [21, §6] [16, Thm. 17.4]). The following metric
version is an immediate consequence of Theorem 2.7.
Corollary 2.8 (Approximate Isotopy Covering) Let p : M →B be a MAF with dim M > 4.
Suppose g : B× I → B is a isotopy from the identity idB. For every ε > 0, there exists an
isotopy G : M× I → M from the identity idM such that pGs is ε-close to gs p for all s ∈ I.
Proof Define g′ : B× I → B× I by g′(x,s) = (gs(x),s). Then g′(p× idI) : M× I → B× I
is a fiber-preserving MAF. Given ε > 0, by Theorem 2.7, there exists a fiber-preserving
homeomorphism H : M× I → M × I such that H0 = idM and g′(p× idI)H is ε-close to
g′(p× idI)0× idI = p× idI . It follows that G : M× I → M defined by G(x,s) = H−1s (x) is
the desired isotopy. ⊓⊔
3 Finite isometry type and metric sucking
In this section we introduce a condition on a triangulated metric space, finite isometry type,
which essentially says that the local geometry of the space has finite variation. This special
condition allows us to phrase two controlled-topological results about non-compact triangu-
lated spaces in terms of the metric rather than open covers. The two results concern close
maps into an ANR and Chapman’s MAF Sucking Theorem.
3.1 Finite isometry type
We begin by introducing terminology for the metric conditions to appear in the results of
Sections 3.2 and 3.3. This will allow for cleaner statements of our results on equivariant
sucking in Section 6.
The following notion of shapes is used by Bridson–Haefliger [2, Chapter I.7] in a slightly
more restrictive context.
9Definition 3.1 A simplicial isometry between two metrized simplices is an isometry that
takes each face onto a face. If (B,d) is a triangulated metric space, the shapes of B, denoted
Shapes△(B), is the set of simplicial isometry classes of simplices of B.
Definition 3.2 If v is a vertex of a simplicial complex K, then Kv denotes the closed star
of v in K. That is, Kv is the union of all simplices of K that contain v, triangulated by the
simplicial complex consisting of all simplices of K that are faces of simplices having v as a
vertex.
We often abuse notation by identifying a simplicial complex with its underlying polyhe-
dron.
Definition 3.3 Suppose (B,d) is a metric space with a triangulation φ : K → B (i.e., K is
a simplicial complex and φ is a homeomorphism). For vertices v,w ∈ K, the closed stars
φ(Kv) and φ(Kw) in B are simplicially isometric if there exists an isometry h : φ(Kv)→
φ(Kw) such that φ−1hφ : Kv → Kw is a simplicial isomorphism. The shapes of closed stars
of B, denoted Shapes⊠(B), is the set of simplicial isometry classes of closed stars of B.
More generally, if A is a closed sub-polyhedron of B, then Shapes⊠(B,A) denotes the set of
simplicial isometry classes of closed stars φ(Kv) of B such that φ(v) ∈ A.
Remark 3.4 If φ : K → B is a triangulation of (B,d) with respect to which Shapes⊠(B) is
finite, then Shapes△(B) is also finite. Moreover, if K′ is the first barycentric subdivision of
K, then Shapes⊠(B) is finite with respect to the induced triangulation φ : K′→ B.
Definition 3.5 A complete metric space (B,d) with a triangulation φ : K → B has finite
isometry type if
1. K is a locally finite, simplicial complex,
2. there exists d0 > 0 such that: if v 6= w are vertices of B then d(v,w)≥ d0,
3. for every α > 0 and for every n ≥ 0, there exists β > 0 such that: if x,y lie in distinct
n-simplices of B and d(x,y)< β , then x and y are in the α-neighborhood of the (n−1)-
skeleton of B, and
4. Shapes⊠(B) is finite.
Remark 3.6 A finite triangulation has finite isometry type.
Remark 3.7 Let (R,e) be a metric space, and let p : R → M be a regular cover with M
compact. Suppose the group D of covering transformations acts by isometries on (R,e).
Observe that p : (R,e)→ (M,e/D) is distance non-increasing and a local isometry. Also, p is
regular implies that D acts transitively on the fibers. Therefore, if S is a finite triangulation
of M, then the induced D-equivariant triangulation p∗(S ) of R has finite isometry type.
This finiteness condition arises in the following rigid situations, not pursued here.
Example 3.8 Let (B,d) be a triangulated, geodesic metric space such that each simplex of
B is a geodesic subspace. It follows that the metric on each closed star in B is completely
determined by the metric on the simplices in the star. Thus, if Shapes△(B) is finite, then
so is Shapes⊠(B). It is also clear that for such B, the condition Shapes△(B) is finite im-
plies conditions (2) and (3) of Definition 3.5. In summary, if (B,d) is a complete, geodesic
metric space triangulated by a locally finite simplicial complex, each simplex is a geodesic
subspace, and Shapes△(B) is finite, then (B,d) has finite isometry type.
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Example 3.9 Let K be a connected Mκ -simplicial complex in the sense of Bridson–Haefliger
[2]. If Shapes△(K) is finite, then it follows from [2, Theorem 7.19, page 105] that (K,d) is
a complete geodesic space, where d is the intrinsic metric. Thus, by applying Example 3.8,
it follows that (K,d) has finite isometry type.
We show that split crystallographic groups induce triangulations of Euclidean space
(Rn,e) with the standard metric with respect to which (Rn,e) has finite isometry type.
Definition 3.10 An action of a group Γ on a topological space R is virtually free if there is
a finite-index subgroup ∆ ≤ Γ whose restricted action on R is free.
Proposition 3.11 Let (R,e) be a metric space such that R is a smooth manifold. Let Γ be
a discrete, cocompact subgroup of smooth isometries of (R,e). If the action of Γ on R is
virtually free, then R admits a smooth, Γ -equivariant triangulation T of finite isometry
type, which is unique up to Γ -combinatorial equivalence.
Proof Since Γ has a virtually free action on R, there exists a finite-index subgroup ∆ of Γ
with a free action on R. Define a finite-index, normal subgroup ∆0 of Γ by
∆0 :=
⋂
g∈Γ
g∆g−1.
Then there is an exact sequence 1→ ∆0 →Γ → G→ 1, where G := Γ /∆0 is a finite group.
Since ∆0 has a cocompact, free action on R, the quotient M := R/∆0 is a compact smooth
G-manifold. So, by a theorem of S. Illman [22], there exists a smooth, G-equivariant trian-
gulation S of M which is unique up to G-combinatorial equivalence. Since ∆0 → R→M is
the sequence of a regular covering map, there is a unique, smooth, Γ -equivariant triangula-
tion T of R covering S . Therefore, by Remark 3.7, since S is finite, we conclude that the
pullback T has finite isometry type. ⊓⊔
Example 3.12 For any crystallographic group Γ of rank n, the Euclidean space (Rn,e),
where e is the standard metric, admits a Γ -equivariant triangulation T of finite isometry
type. Indeed, the action is virtually free, since there is an exact sequence 1 → Zn → Γ →
G → 1, where the subgroup Zn acts freely on Rn by translations, and the finite group G is
called the point group (see [10]). Suppose this short exact sequence splits, in which case we
call Γ a split crystallographic group. Then G is a subgroup of the orthogonal group O(n)
and the triangulation T /G of (Rn/G,e/G) has finite isometry type.
More generally, we have an important geometric observation used in Section 6.
Proposition 3.13 Let G be any finite subgroup of O(n). Then Rn/G has finite isometry type.
Proof Consider the unit sphere Sn−1 ⊂Rn with the spherical metric s and induced isometric
G-action. For any point a ∈ Sn−1, recall its Dirichlet domain D(a) is the open neighborhood
D(a) := {x ∈ Sn−1 | ∀g ∈ G : a 6= ga =⇒ d(x,a) < d(x,ga)}.
Then, by [27, Theorem 6.7.1], the closure D(a) is a convex polyhedron and a fundamental
domain for the G-action on (Sn−1,s). Select a geodesic triangulation of D(a). This extends
to a geodesic G-triangulation of Sn−1. That is, we obtain a G-homeomorphism φ : K → Sn−1,
from a G-simplicial complex K, such that the image φ(σ ) of each simplex σ of K is totally
geodesic in (Sn−1,s). Upon replacing K with a (necessarily G-equivariant) barycentric sub-
division, we may assume that s(φv,φv′)< 1 for all vertices v,v′ that share a simplex σ of K.
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Now define ψ : K → Rn as the unique continuous G-map such that ψ(v) := φ(v) for each
vertex v of K and that the image ψ(σ ) of each simplex σ of K is the convex hull in (Rn,e).
It is clear that 0 /∈ ψ(K) and ψ(σ )∩ψ(σ ′)⊆ ψ(∂ σ )∩ψ(∂ σ ′) for all simplices σ ,σ ′ of K.
Hence ψ is injective and extends to a G-homeomorphism
Ψ := ◦c(ψ) : ◦c(K)−→ Rn ; (x, t) 7−→ tψ(x).
Let T be (the set of simplices of) a linear triangulation of Rn such that T is invariant
under permutation of coordinates of Rn and under the standard action of Zn on Rn. For
example, T can be taken to be the standard triangulation defined as follows. The set of
vertices of T is Zn. There is a directed edge from a vertex x = (x1,x2, . . .xn) to a vertex
y = (y1,y2, . . . ,yn) if and only if x 6= y and xi ≤ yi ≤ xi +1 for each i = 1,2, . . . ,n. A finite
set σ of vertices spans a simplex if and only if for any two vertices in σ , there is a directed
edge from one to the other. It follows from the invariance properties that T is a triangulation
of finite isometry type. Moreover, if A : Rn → Rn is any non-singular linear transformation,
then A(T ) = {A(σ ) | σ ∈T } is also a triangulation of finite isometry type.
Now, for each (n− 1)-simplex σ of K, define a non-singular linear transformation
Aσ : Rn → Rn as follows. Order the vertices v1,v2, . . . ,vn of Ψ (σ ), and define Aσ (ei) := vi
for each i = 1,2, . . . ,n, where e1,e2, . . . ,en are the standard basis vectors of Rn. The trian-
gulation Aσ (T ) of Rn restricts to a triangulation Tσ of Ψ (
◦
c(σ )) that is independent of the
ordering of v1,v2, . . . ,vn. Moreover, if σ and τ are two (n−1)-simplices of K, then Tσ and
Tτ agree on Ψ (
◦
c(σ ∩τ)). It follow that TΨ :=
⋃
σ Tσ is a G-equivariant triangulation of Rn
of finite isometry type and induces a triangulation of Rn/G of finite isometry type. ⊓⊔
3.2 Metrically close maps into ANRs
For notation if f ,g : X → Y are maps, then X( f=g) = {x ∈ X | f (x) = g(x)}. Recall the
following classic property of ANRs (cf. [25, p. 39]).
Proposition 3.14 Let B be an ANR. For every open cover U of B there exists an open cover
V of B such tha:t if X is a space and f ,g : X → B are V -close maps, then f is U -homotopic
to g rel X( f=g).
We will need a metric version of Proposition 3.14 that is only valid for certain trian-
gulated metric spaces B. For the proof of the metric version, we will need the following
relative version of Proposition 3.14 in the compact case. It is a fairly routine application of
Proposition 3.14 and the Estimated Homotopy Extension Theorem of Chapman–Ferry [5],
but we include a proof for completeness.
Lemma 3.15 Let (Y,d) be a compact, metric ANR. For every ε > 0 there exists δ > 0 such
that: if X is a space with a closed subspace X0 and f ,g : X →Y are δ -close maps for which
there is a δ -homotopy H : f |X0 ≃ g|X0, then there exists an ε-homotopy H˜ : f ≃ g such that
H˜|X0× I = H.
Proof Let ε > 0 be given. By Proposition 3.14 there exists µ > 0 such that µ < ε and if X
is any space, f ,g : X → Y are µ-close maps, then there exists an ε/2-homotopy f ≃ g rel
X( f=g). Choose δ > 0 such that δ < µ/2. Now suppose X is a space with a closed subspace
X0 and f ,g : X → Y are δ -close maps for which there is a δ -homotopy H : f |X0 ≃ g|X0.
By the Estimated Homotopy Extension Theorem [5, Proposition 2.1] there exists a map
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gˆ : X → Y and a δ -homotopy ˆH : f ≃ gˆ such that ˆH|(X0× I) = H. Thus, gˆ = ˆH1 is δ -close
to f , which in turn is δ -close to g. Thus, gˆ is µ-close to g. By the choice of µ there is an
ε/2-homotopy G : gˆ≃ g rel X(gˆ=g). Note X0 ⊆ X(gˆ=g).
The concatenation
ˆH ∗G : X × [0,2]−→ Y ; (x, t) 7−→
{
ˆH(x, t) if 0≤ t ≤ 1
G(x, t−1) if 1≤ t ≤ 2
is an ε-homotopy, which can be re-parameterized to give the homotopy H˜ as follows. Let
u : X → [0,1] be a map such that u−1(0) = X0. Define
q : X × [0,2]−→ X × [0,1]; (x, t) 7−→
{(
x, t
(
1− 12 u(x)
))
if 0≤ t ≤ 1(
x, 12 u(x)t +1−u(x)
)
if 1≤ t ≤ 2.
Then q is a quotient map with the property that each interval {x}× [0,1] is taken linearly
onto {x} × [0,1− 12 u(x)] and each interval {x} × [1,2] is taken linearly onto {x} × [1−
1
2 u(x),1]. The only non-degenerate point inverses of q are for (x,1) with x ∈ X0, in which
case q−1(x,1) = {x}× [1,2]. It follows that H˜ := ( ˆH ∗G)◦q−1 is the desired homotopy. ⊓⊔
The following result is our metric version of Proposition 3.14. It is used in the proof of
Lemma 6.6.
Proposition 3.16 Suppose (B,d) is a metric space triangulated by a locally finite, finite
dimensional simplicial complex and A is a closed sub-polyhedron of B such that:
1. There exists d0 > 0 such that: if v and w are distinct vertices of A, then d(v,w)≥ d0.
2. For every α > 0 and for every n ≥ 0, there exists β > 0 such that: if x and y are in
distinct n-simplices of A and d(x,y)< β , then x and y are in the α-neighborhood of the
(n−1)-skeleton of A.
3. Shapes△(A) is finite.
For every ε > 0 there exists δ > 0 such that: if X is a space and f ,g : X → B are δ -close
maps such that f = g over B\A, then f is ε-homotopic to g rel X( f=g).
Proof The proof is by induction on dimB. If dimB = 0, then choose 0 < δ < d0 (which
is independent of ε in this case). It follows that if f ,g : X → B are δ -close and f = g over
B\A, then f = g.
Next assume that dimB = n > 0 and the proposition is true in lower dimensions.
We will now define a particular strong deformation retraction of a neighborhood of the
(n−1)-skeleton of A to the (n−1)-skeleton. Let An−1 denote the (n−1)-skeleton of A and
let Sn denote the set of n-simplices of A. Since Shapes△(A) is finite we can choose a finite
subset Tn of Sn such that each member of Sn is simplicially isometric to a member of Tn. For
each τ ∈ Tn, choose bτ ∈ τ \∂ τ and let rτ : τ \{bτ}× I → τ \{bτ} be a strong deformation
retraction onto ∂ τ . Using the finiteness of Shapes△(A), we can extend the selection of the
points bτ to a selection of points bσ ∈ σ \ ∂ σ for every σ ∈ Sn, and we can extend the
strong deformation retractions rτ to a strong deformation retraction of B \ {bσ | σ ∈ Sn}
onto (B\A)∪An−1 so that the following is true. There is a homotopy
r : B\{bσ | σ ∈ Sn}× I → B\{bσ | σ ∈ Sn}
such that:
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1. r0 = id
2. rt |(B\A)∪An−1 = incl for all t ∈ I
3. The image of r1 is (B\A)∪An−1
4. rt(σ \{bσ})⊆ σ \{bσ} for all t ∈ I and σ ∈ Sn
5. (Finiteness) For each σ ∈ Sn there exists τ ∈ Tn and a simplicial isometry h : σ → τ
such that h(bσ ) = bτ and the following diagram commutes for all t ∈ I:
σ \{bσ} τ \{bτ}
σ \{bσ} τ \{bτ}
❄
rt |
✲h|
❄
(rτ )t
✲h|
It follows that (∗) for every γ > 0 there exists ρ > 0 such that:
1. If σ ∈ Sn, then bσ /∈ ¯Nρ(An−1), the closed ρ-neighborhood about An−1 in B.
2. If x,y ∈ ¯Nρ(An−1) and d(x,y) < ρ , then d(r1(x),r1(y))< γ .
3. For every x ∈ ¯Nρ(An−1), the track r({x}× I) has diameter < γ .
Let ε > 0 be given. Use Lemma 3.15 and the assumption that Shapes△(A) is finite to
choose µ > 0 with the following property: if ∆ is any simplex of A, X is any space with
a closed subspace X0 and f ,g : X → ∆ are µ-close maps for which there is a µ-homotopy
H : f |X0 ≃ g|X0, then there exists an ε/3-homotopy H˜ : f ≃ g such that H˜|X0× I = H.
Let Bn−1 denote the (n− 1)-skeleton of B and use the inductive hypothesis to choose
δ1 > 0 with the following property: if X is a space and f ,g : X → Bn−1 are δ1-close maps
such that f = g over Bn−1 \A, then f is µ-homotopic to g rel X( f=g). It follows that if X is a
space and f ,g : X → B are δ1-close maps such that f−1(B\Bn−1)∪g−1(B\Bn−1)⊆ X( f=g),
and f = g over B\A, then f is µ-homotopic to g rel X( f=g).
Let ρ = ρ(γ) be given by (∗) above where γ = min{δ1,ε/3}. Let β > 0 be given by
hypothesis (2) in the proposition for α = ρ . Choose δ > 0 such that δ < min{δ1,ρ ,β ,µ}.
Now suppose given a space X and δ -close maps f ,g : X → B such that f = g over B\A.
We must show that f is ε-homotopic to g rel X( f=g). For each σ ∈ Sn, define subspaces
Xn−1 = X( f=g)∪
( f−1(An−1)∩g−1(An−1)) Y = ⋃σ∈Sn Xσ
Xσ = f−1(σ )∩g−1(σ ) Z = X \ (Y ∪Xn−1).
If x ∈ Z, then f (x),g(x) are in distinct n-simplices of A and d( f (x),g(x))< δ . The choice
of δ < β implies that f (x),g(x) ∈ ¯Nρ(An−1). Define maps
f n−1 : Xn−1 ∪Z −→ B; f n−1 =
{
f on Xn−1
r1 f on Z
and
gn−1 : Xn−1 ∪Z −→ B; gn−1 =
{
g on Xn−1
r1g on Z.
The choice of ρ implies that there are ε/3-homotopies E : f | ≃ f n−1 rel Xn−1 and F : g| ≃
gn−1 rel Xn−1. Moreover, the choice of ρ implies that f n−1 and gn−1 are δ1-close. Define
f ′ : X −→ B; f ′ =
{
f n−1 on Xn−1 ∪Z
f on Y =
{
f on Xn−1 ∪Y
r1 f on Z
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and
g′ : X −→ B; g′ =
{
gn−1 on Xn−1 ∪Z
g on Y
=
{
g on Xn−1 ∪Y
r1g on Z.
The homotopies E and F can be extended to ε/3-homotopies E ′ : f ≃ f ′ rel Xn−1 ∪Y and
F ′ : g≃ g′ rel Xn−1 ∪Y . By the inductive assumption, there exists a µ-homotopy
Hn−1 : f n−1 ≃ gn−1 rel X( f=g).
The choice of µ implies that Hn−1 can be extended to an ε/3-homotopy H : f ′ ≃ g′. Clearly,
H is rel X( f=g). Finally, we concatenate the three ε/3-homotopies E ′, H, and F ′ to get an
ε-homotopy f ≃ f ′ ≃ g′ ≃ g rel X( f=g). ⊓⊔
Corollary 3.17 Suppose (B,d) is a triangulated, metric space of finite isometry type. For
every ε > 0 there exists δ > 0 such that: if X is a space and f ,g : X → B are δ -close maps,
then f is ε-homotopic to g rel X( f=g).
Proof Apply Proposition 3.16, Definition 3.5, and Remark 3.4. ⊓⊔
3.3 Metric version of Chapman’s MAF sucking theorem
A fundamental result concerning approximate fibrations defined on manifolds is the follow-
ing theorem of Chapman [4].
Theorem 3.18 (Chapman’s MAF Sucking Theorem) Suppose B is a locally compact,
separable, metrizable, locally polyhedral space. For each integer m > 4 and each open
cover α of B, there exists an open cover β of B such that: if M is an m-dimensional manifold
and p : M → B is a proper β -fibration, then p is α-close to a proper approximate fibration
p′ : M → B.
It is referred to as “sucking” because it says that a map that is nearly an approximate
fibration can be deformed, or sucked, into the space of approximate fibrations. Chapman had
earlier proved a Hilbert cube manifold sucking theorem [3].
The purpose of this section is to establish a metric version of Chapman’s result in which
B is given a fixed metric and the open covers α and β of B are replaced by numbers ε > 0
and δ > 0, respectively. See Corollary 3.32 below. In fact, we establish a relative result in
Corollary 3.31, A special case of Corollary 3.31, namely Corollary 3.34, is the key result
that will be applied in Lemma 6.6 in the course of proving an equivariant version of sucking
in Section 6.
Of course, the numbers ε and δ correspond to open covers of the metric space B by balls
of radius ε and δ , respectively. Thus, the metric result applies to fewer situations (because
not all open covers consist of balls of fixed radius), but has a stronger conclusion than Chap-
man’s Theorem 3.18. Such a variation is not true in general without further restrictions on
the metric space B. For example, let B =
⊔
∞
i=1 S1i be the disjoint union of circles metrized
so that each circle is a subspace of B and limi→∞ δi = 0, where δi = diam(S1i ). If M = Sk is
a single k-sphere, where k > 1, then there exists no approximate fibration M → B. On the
other hand, if for each i = 1,2, . . . , pi : M → B is a map such that pi(M) ⊆ S1i , then pi is a
proper δi-fibration.
That there are metric versions of Chapman’s theorem is not a new observation. It was
pointed out by Hughes [19, Remark 7.4] that such a metric version holds for B =Rn with the
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standard Euclidean metric. Hughes–Prassidis [15, Footnote, p. 10] assert the metric result
for “non-compact manifolds with sufficiently homogeneous metrics.” Hughes–Ranicki [16,
Thm. 16.9] assert and use Corollary 3.35 in the case n = 1. In each of these three references
it is claimed that these variations can be proved by closely examining Chapman’s proof.
This is indeed the case; however, detailed explanations have not heretofore appeared in the
literature. Since we require a yet more general result, we provide a detailed outline of proof.
The proof of our metric result follows Chapman’s papers [3] [4] as well as Hughes
[17]. The heart of Chapman’s proof consists of his Handle Lemmas (quoted below as Lem-
mas 3.21 and 3.22), which we can use without change. Chapman proves those lemmas by
engulfing and torus geometry (also known as torus tricks). His methods require high dimen-
sions. What we have written here is just a careful repackaging of that part of Chapman’s
proof that comes after his Handle Lemmas.
We begin by discussing a limit result (Lemma 3.20) implicit in Chapman’s work [3] [4].
The proof requires the following result, the proof of which is based on Coram and Duvall
[8, Proposition 1.1].
Lemma 3.19 Suppose (B,d) is a metric ANR and U is an open subset of B. For every µ > 0,
for every compact metric space Z, and for every homotopy F : Z× I →U, there exists ν > 0
such that the following holds: if ε > 0, E is an ANR, p : E → B is a proper ε-fibration over
U, and f : Z → E is a map with p f ν-close to F0, then there is a homotopy F˜ : Z× I → E
such that F˜0 = f and pF˜ is (ε +µ)-close to F.
Proof Given µ > 0, a compact metric space Z, and a homotopy F : Z × I → U , choose
a compact neighborhood K of F(Z×{0}) with K ⊆ U . Choose d0 > 0 such that the d0-
neighborhood of F(Z×{0}) is contained in K. Let δ = min{d0,µ/2}. Choose ν > 0 such
that any two ν-close maps into K are δ -homotopic in U (see Proposition 3.14).
Now suppose given ε > 0, an ANR E, a map p : E → B that is a proper ε-fibration
over U , and a map f : Z → E such that p f is ν-close to F0. Let : Z× [−1,0] → U be a
δ -homotopy such that J−1 = f and J0 = F0. Thus, the image of J is contained in K ⊆U .
Define
Φ : Z× [−1,1]−→U ; (z, t) 7−→
{
J(z, t) if −1 ≤ t ≤ 0
F(z, t) if 0≤ t ≤ 1.
It follows that there exists a lift Φ˜ : Z× [−1,1]→ E such that Φ˜0 = f and pΦ˜ is ε-close
to Φ . Since Z is compact, there exists q ∈ (0,1) such that F({z}× [0,q)]) has diameter less
than µ/2 for every z ∈ Z. Finally, define
F˜ : Z× I −→ E; (z, t) 7−→

Φ˜(z,2t/q−1) if 0≤ t ≤ q/2
Φ˜(z,2t−q) if q/2 ≤ t ≤ q
Φ˜(z, t) if q≤ t ≤ 1
One may check that F˜0 = f and that pF˜ is (ε +µ)-close to f . ⊓⊔
Lemma 3.20 (Limit Lemma) Suppose E and B are ANRs, U is a collection of open subsets
of B, {εi}∞=1 is a sequence of positive numbers with limi→∞ εi = 0, and there are proper maps
q,qi : E → B for i = 1,2,3, . . . with limi→∞ qi = q (uniformly). If qi is an εi-fibration over U
for each U ∈U , then q is an approximate fibration over ∪U .
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Proof It suffices to show that given U ∈U , q| : q−1(U)→U is an approximate fibration for
the class of compact metric spaces. For then results of Coram and Duvall [6, Theorem 2.6],
[7, Uniformization, page 43] imply that q| : q−1(∪U )→∪U is an approximate fibration.
Thus, suppose given ε > 0, a compact metric space Z, and a homotopy lifting problem
Z q−1(U)
Z× I U
❄
×0
✲f
❄
q|
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲F
For µ = ε/3, let ν = ν(U,µ ,Z,F) be given by Lemma 3.19. Now choose i ∈N such that qi
is ν-close to q and qi is an ε/3-fibration over U . It follows that qi f is ν-close to q f = F0.
Thus, Lemma 3.19 implies there exists F˜ : Z× I → E such that qiF˜ is 2ε/3-close to F. It
follows that qF˜ is ε-close to F . ⊓⊔
We next quote the two handle lemmas of Chapman [4, Lemma 5.1, Theorem 5.2].
Lemma 3.21 (Chapman’s First Handle Lemma) Suppose k is a positive integer and
Rk →֒ B is an open embedding, where B is an ANR. For every m > 4 and ε > 0 there is
exists a δ > 0 such that: if µ > 0, M is an m-manifold, and p : M → B is a proper map that
is a δ -fibration over Bk3, then there is a proper map p′ : M → B such that
1. p′ is a µ-fibration over Bk1,
2. p′ is ε-close to p,
3. p = p′ on M \ p−1(
◦
Bk3). ⊓⊔
Lemma 3.22 (Chapman’s Second Handle Lemma) Suppose k is a nonnegative integer
and ◦c(X)×Rk →֒ B is an open embedding, where B is an ANR and X is a compact ANR.
For every m > 4 and ε > 0 there is exists a δ > 0 such that: if µ > 0 there exists ν > 0 so
that the following statement is true:
if M is a m-manifold and p : M → B is a proper map that is a δ -fibration over c3(X)×Bk3
and a ν-fibration over [c3(X) \ ◦c1/3(X)]×Bk3, then there is a proper map p′ : M → B such
that
1. p′ is a µ-fibration over c1(X)×Bk1,
2. p′ is ε-close to p,
3. p = p′ on M \ p−1(◦c2/3(X)×
◦
Bk3). ⊓⊔
Remark 3.23 These two handle lemmas are not an exact quote of Chapman [4, Lemma 5.1,
Theorem 5.2], but the difference is insignificant. Chapman considers maps directly to Rk
and ◦c(X)×Rk, rather than to manifolds in which these spaces are embedded. The lemmas
above are formal, immediate consequences of Chapman’s lemmas.
Remark 3.24 It is important to note that both of these Handle Lemmas are independent
of the metric on B. That is, the various constants δ and ν depend on the metric, but their
existence is independent of the metric. This is because they depend only on the metric on a
compact portion of B.
Hypothesis 3.25 The following list of technical hypotheses are used later in this section.
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1. Suppose B be a locally finite polyhedron and let A be a closed sub-polyhedron of dimen-
sion n.
2. Fix a locally finite triangulation of B with respect to which A is triangulated as a closed
subcomplex. We will abuse notation and make no distinction between a simplicial com-
plex and its underlying polyhedron.
3. Suppose d is a metric for B compatible with the topology on B.
4. Let B be the set of barycenters of simplices in A. For each 0 ≤ k ≤ n, let Bk = {b ∈
B | b is the barycenter of a simplex of A of dimension k}. For each b∈B, let σb denote
the simplex of A of which b is the barycenter.
5. For each b ∈B, fix an open neighborhood Vb of b in B, a compact polyhedron Xb and a
homeomorphism φb : ◦c(Xb)×Rk →Vb, where b ∈Bk. If k = n, then Xb =∅ and ◦c(Xb)
is a single point.
6. Assume that Vb1 ∩Vb2 =∅ whenever 0≤ k ≤ n and b1,b2 ∈Bk.
7. For each b∈B, let Cb denote the closed star neighborhood of b in the second barycentric
subdivision of B. Thus, A ⊆
⋃
{Cb | b ∈B}.
8. For each 0 ≤ k ≤ n and b ∈ Bk, assume Cb = φb
(
c1(Xb)×Bk1
)
and that φb
(
{v}×Rk
)
is a neighborhood of b in σb, where v is the cone point of
◦
c(Xb).
9. Let V =⋃{Vb | b ∈B}.
10. The metric d restricts to a complete metric on the closure of V .
11. For each 0≤ k ≤ n and b ∈Bk, let Wb = φb
(
c1.1(Xb)×Bk1.1
)
.
12. Choose numbers 1.2 < r0 < r1 < · · ·< rn = 1.3 and assume that for each 0≤ k < n and
b ∈Bk, we have
(a) φb
([
c3(Xb)\
◦
c1/3(Xb)
]
×Bk3
)
⊆
⋃
{φa
(
crk+1(Xa)×B
ℓ
rk+1
)
| k+1≤ ℓ≤ n,a∈Bℓ},
(b) φb
(
c2/3(Xb)×Bk3
)
misses
⋃
{φa
(
crk(Xa)×B
ℓ
rk
)
| k+1 ≤ ℓ≤ n,a ∈Bℓ}.
13. (Finiteness) For each 0 ≤ k ≤ n and b ∈Bk, let db = φ ∗b d be the metric on
◦
c(Xb)×Rk
obtained by pulling back d along φb. For each 0 ≤ k ≤ n, assume that {db | b ∈Bk} is
finite.
Remark 3.26 The Finiteness condition above says in the first place that the set {Xb | b∈B}
of non-isomorphic polyhedra that are links of barycenters is finite. In the second place, it
says that for any given polyhedron X occurring as a link and any 0 ≤ k ≤ n, even though
there might be infinitely many different open embeddings given of ◦c(X)×Rk into B, there
are only finitely many different induced metrics on ◦c(X)×Rk.
Remark 3.27 Note that given condition (1) in Hypothesis 3.25, conditions (2) through (12)
may always be achieved. They are listed to fix notation. Thus, condition (13) is the only
extra assumption.
The proof of the next result is based on Hughes [17, Lemma 10.1], which in turn is based
on Chapman [3, Section 6].
Proposition 3.28 Assume Hypothesis 3.25. For each integer m > 4 and each ε > 0 there
exists a δ > 0 such that for every µ > 0 if M is an m-dimensional manifold and p : M → B
is a proper δ -fibration over Vb for each b∈B, then p is ε-close to a proper map p′ : M → B
such that p = p′ on M \ p−1(V ) and p′ is a µ-fibration over Wb for each b ∈B.
Proof Let ε > 0 be given. Inductively define small positive numbers
ε0,δ0,ε1,δ1, . . . ,εn,δn
with the following properties:
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1. 0 < ε0 < ε/(n+1),
2. δk < δ (εk), where δ (εk) is given by the Handle Lemma 3.21 (if k = n) or 3.22 (if k < n)
for the open embeddings φb : Rn →֒ B or φb : ◦c(Xb)×Rk →֒ B for each b ∈ Bk (The
handle lemmas are applied independently for each b ∈ Bk. Since Bk may be infinite,
the Finiteness condition of Hypothesis 3.25 is crucial at this step.),
3. δk < δk−1/2,
4. εk < ε/(n+1),
5. For each b ∈ Bk, any map to B that is εk-close to a (δk−1/2)-fibration over φb (Rn) or
φb
(
c3(Xb)×Bk3
)
is itself a δk−1-fibration over φb (Rn) or φb
(
c3(Xb)×Bk3
)
, respectively.
(The Finiteness condition is again being used here.)
Set δ = δm and let µ > 0 be given. let p : M → B be given as in the hypothesis. We will
produce a map p′ : M → B that is a µ-fibration over each Wb. It suffices to construct a
sequence of maps p = pn+1, pn, . . . , p1, p0 = p′ such that pk is εk-close to pk+1 and pk is
a µ-fibration over φb
(
crk(Xb)×B
ℓ
rk
)
for k ≤ ℓ ≤ n and b ∈ Bℓ}. First, inductively define
small positive numbers ν−1,ν0, . . . ,νn be setting ν−1 = µ and for k = 0, . . . ,n−1, choosing
νk < µ such that νk < ν(νk−1), where ν(νk−1) is given by the Handle Lemma 3.22 for the
open embeddings φb : ◦c(Xb)×Rk →֒ B (The Finiteness condition of Hypothesis 3.25 is used
here to apply the handle lemma independently for each b ∈Bk.)
Using the appropriate Handle Lemma, we inductively produce the maps pk (starting
with k = n) so that
1. pk is a νk−1-fibration over φb
(
crk(Xb)×B
ℓ
rk
)
for each b ∈Bℓ,
2. pk is εk-close to pk+1,
3. pk = pk+1 over B\
⋃
b∈Bk
[
◦
c2/3(Xb)×
◦
Bk3
]
.
In order to apply the Handle Lemma inductively simply observe that pk is a δk−1-fibration
over φb
(
c3(Xb)×Bk3
)
. Also observe that pk is a µ-fibration over φb
(
crk(Xb)×B
ℓ
rk
)
for each
k ≤ ℓ≤ n and b ∈Bℓ. ⊓⊔
The next corollary is essentially a renaming of some of the sets in Proposition 3.28.
As such, it can be viewed as a corollary to the proof of Proposition 3.28. However, a more
formal derivation is also given. We begin by introducing some more notation.
Notation Assume Hypothesis 3.25. For each R > 1, 0≤ k ≤ n, and b ∈Bk, define
V Rb := φb
(
◦
cR(Xb)×
◦
BkR
)
⊆ B.
Corollary 3.29 Assume Hypothesis 3.25. For each integer m > 4, each 1 < R2 < R1, and
each ε > 0 there exists a δ = δ (m,ε ,R1,R2) > 0 such that for every µ > 0 if M is an m-
dimensional manifold and p : M → B is a proper δ -fibration over V R1b for each b ∈B, then
p is ε-close to a proper map p′ : M → B such that p = p′ on M \
⋃
b∈B p−1(V
R1
b ) and p′ is
a µ-fibration over V R2b for each b ∈B.
Proof Fix a homeomorphism h : [0,R1)→ [0,∞) such that h(t) = t for all 0 ≤ t ≤ 1 and
h(R2) = 1.1. For each 0≤ k≤ n and b∈Bk, define a homeomorphism hb :
◦
cR1(Xb)×
◦
BkR1 →
◦
c(Xb)×Rk by hb([x, t],y) = ([x,h(t)],(h(y1),h(y2), . . . ,h(yk)) for all x ∈ Xb, t ∈ [0,R1), and
y = (y1,y2, . . . ,yk) ∈
◦
BkR1 . Apply Proposition 3.28 to the open embeddings φb ◦h−1b . ⊓⊔
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Note that in the statement of Corollary 3.29, δ = δ (m,ε ,R1,R2) also depends on the
set-up in Hypothesis 3.25, but we suppress that dependence in the notation.
Theorem 3.30 Assume Hypothesis 3.25. For each integer m > 4 and ε > 0 there exists
δ > 0 such that: if M is an m-dimensional manifold and p : M → B is a proper δ -fibration
over V , then p is ε-close to a proper map p′ : M → B such that p = p′ on M \ p−1(V ) and
p′ is an approximate fibration over A.
Proof For each i = 1,2,3, . . . , let Ri = 2+ 1i . Let m > 4 and ε > 0 be given. For each i =
1,2,3, . . . let δi = δ (m,ε/2i,Ri,Ri+1)> 0 be given by Corollary 3.29. We may also assume
that δi < 1/i so that limi→∞ δi = 0. Let δ = δ1 and suppose M is an m-dimensional manifold
and p : M → B is a proper δ -fibration over V . Use Corollary 3.29 to define inductively a
sequence of proper maps qi : M → B, i = 1,2,3, . . . , such that:
1. q1 = p,
2. qi is (ε/2i)-close to qi+1,
3. qi is a δi-fibration over V Rib ⊇V 2b for each b ∈B,
4. qi = qi+1 on M \
⋃
b∈B p−1
(
V Rib
)
.
The completeness of the metric on the closure of V implies that the uniform limit p′ =
limi→∞ qi exists. Clearly, p′ is ε-close to p and p = p′ on M \
⋃
b∈B p−1
(
V R1b
)
⊇ M \
p−1 (V ). By Lemma 3.20, p′ is proper and an approximate fibration over
⋃
b∈B V 2b ⊆ A. ⊓⊔
Corollary 3.31 Suppose (B,d) is a metric space triangulated by a locally finite simplicial
complex, A is a closed sub-polyhedron of B, Shapes⊠(B,A) is finite, U is an open subset of B
containing A, and the metric d is complete on the closure of U. For every integer m > 4 and
ε > 0, there exists a δ > 0 such that: if M is an m-dimensional manifold and p : M → B is
a proper δ -fibration over U, then p is ε-close to a proper map p′ : M → B such that p = p′
on M \ p−1(U) and p′ is an approximate fibration over A.
Proof This follows directly from Theorem 3.30. ⊓⊔
The following corollary follows immediately from Corollary 3.31 by taking A = B. It is
the metric version of Chapman’s MAF Sucking Theorem 3.18.
Corollary 3.32 (Metric MAF Sucking) Suppose (B,d) is a complete metric space triangu-
lated by a locally finite simplicial complex such that Shapes⊠(B) is finite. For every integer
m > 4 and ε > 0, there exists a δ > 0 such that: if M is an m-dimensional manifold and
p : M → B is a proper δ -fibration, then p is ε-close to a manifold approximate fibration
p′ : M → B. ⊓⊔
Corollary 3.33 Suppose (B,d) is a triangulated metric space of finite isometry type. For
every integer m > 4 and ε > 0, there exists a δ > 0 such that: if M is an m-dimensional
manifold and p : M → B is a proper δ -fibration, then p is ε-homotopic to a manifold ap-
proximate fibration p′ : M → B.
Proof Apply Corollary 3.32, Corollary 3.17, and Definition 3.5. ⊓⊔
The following corollary is the exact form of metric MAF sucking that we will use in
Lemma 6.6 below in the course of proving an equivariant version of MAF sucking.
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Corollary 3.34 Suppose Y is a compact metric space and d is a complete metric for the
open cone
◦
c(Y). Restrict the metric to the subset B := Y × (0,∞). Select 0 < r1 < r2 < r3
and an integer m > 4. Suppose B is triangulated by a locally finite simplicial complex such
that there is a closed polyhedral neighborhood A of Y × [r3,∞) contained in Y ×(r2,∞) with
Shapes⊠(B,A) finite. For every ε > 0 there exists δ > 0 such that: if P is an m-dimensional
manifold and p : P → B is a proper δ -fibration over Y × (r1,∞), then p is ε-close to a map
p′ that is a MAF over Y × (r3,∞) such that p = p′ on p−1(Y × (0,r2]).
Proof Apply Corollary 3.31 with B = Y × (0,∞) and U = Y × (r2,∞). ⊓⊔
As mentioned above, the following result has been used in the literature (e.g., [16, The-
orem 16.9]) , but a detailed derivation has heretofore not appeared.
Corollary 3.35 Suppose Rn is given its standard metric. For every m > 4 and every ε > 0
there exists δ = δ (n,m,ε)> 0 such that: if M is an m-manifold and p : M →Rn is a proper
δ -fibration, then p is ε-homotopic to a MAF. Consequently, any proper bounded fibration
p : M → Rn is boundedly homotopic to a MAF.
Proof For the first statement, apply Corollary 3.31 withRn = A =U = B and triangulate Rn
so that Shapes⊠(Rn) is finite. For the second statement, apply a standard scaling procedure;
see Hughes–Ranicki [16, Corollary 16.10] and the proof of Corollary 6.2 below. ⊓⊔
4 Orthogonal actions
In this section we establish various lifting properties for maps associated to actions of certain
finite subgroups G of the orthogonal group O(n). For our Main Theorem 1.1, we only need
the case of C2 acting by reflection onR. However, for the proof of the more widely applicable
Theorem 1.4 (Orthogonal Sucking), we need to work in a more general context.
We shall assume the following notation throughout the remainder of the paper.
Notation Suppose G is a finite subgroup of the orthogonal group O(n). We assume that Rn
has the Euclidean metric. Write X := Sn−1/G. Since G acts on Rn by isometries, we may
endow the open cone ◦c(X) = Rn/G with the quotient metric. Then note that the quotient
map qRn : Rn →
◦
c(X) is distance non-increasing.
At certain specified times, we shall assume a freeness hypothesis, as follows.
Hypothesis 4.1 Suppose G is a finite subgroup of O(n). Furthermore:
1. Assume that G acts freely on Sn−1. Then X is a closed, smooth manifold of dimension
n−1. Suppose M is a G-space. The quotient map is denoted by qM : M → N := M/G.
2. Consider N to be a stratified space with exactly one stratum (itself). Consider ◦c(X) to
be a stratified space with exactly two strata: the cone point {v} and the complement
◦
c(X)\{v}= X × (0,∞).
For example, we assume Hypothesis 4.1 for the remainder of Section 4.
In the following lemma, we consider Rn to be a stratified space with exactly one stratum.
However, the lemma holds equally well—with no change in the proof—ifRn has exactly two
strata: the origin {0} and Rn \{0}. The lemma is a special case of a more general theorem
of A. Beshears [1, Thm. 4.6], but it is quite elementary in the case at hand; therefore, we
include a proof.
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Lemma 4.2 The quotient map qRn : Rn →
◦
c(X) is a stratified fibration.
Proof Consider a stratified homotopy lifting problem:
Z Rn
Z× I ◦c(X)
❄
×0
✲f
❄
qRn
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲F
The stratified condition is equivalent to saying: if (z, t) ∈ Z× I, then F(z, t) = v if and only
if F(z,0) = v if and only if f (z) = 0. Let Z0 = f−1(0). Then the stratified homotopy lifting
problem above restricts to the following homotopy lifting problem:
Z \Z0
f |
−−−−→ Rn \{0}
×0
y yqRn |
(Z \Z0)× I
F |
−−−−→
◦
c(X)\{v}
Since qRn | : Rn \{0}→
◦
c(X)\{v} is a fibration (in fact, a covering map), this later problem
has a solution. That is, there is a map ˆF : (Z \Z0)× I → Rn \{0} such that ˆF(z,0) = f (z)
and qRn ˆF(z, t) = F(z, t) for all (z, t) ∈ (Z \Z0)× I. Define
˜F : Z× I −→ Rn; (z, t) 7−→
{
ˆF(z, t) if z ∈ Z \Z0
0 if z ∈ Z0.
Clearly, ˜F is the required stratified solution if ˜F is continuous. To verify continuity it suffices
to consider a ball B centered at the origin in Rn and observe that ˜F−1(B) is open because
qRn B is open in
◦
c(X) and ˜F−1(B) = F−1(qRn B) (using the fact that q−1Rn qRn B = B). ⊓⊔
Proposition 4.3 For every δ > 0 and every proper G-δ -fibration p : M → Rn, the induced
map p/G : N → ◦c(X) is a proper stratified δ -fibration.
Proof For reference, we note that the following diagram commutes:
M qM−−−−→ N
p
y yp/G
Rn
qRn−−−−→
◦
c(X)
Consider a stratified homotopy lifting problem:
Z N
Z× I ◦c(X)
❄
×0
✲f
❄
p/G
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲F
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Form the pull-back diagram
ˆZ
ˆf
−−−−→ M
qˆ
y yqM
Z f−−−−→ N
There is a natural G-action on ˆZ (g(z,x) = (z,gx)) and ˆf is a G-map. Note that there is a
stratified homotopy lifting problem:
ˆZ Rn
Z× I ◦c(X)
❄
×0
✲p ˆf
❄
qRn
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣✯
H
✲F(qˆ×idI )
Lemma 4.2 implies that there is a stratified solution H : ˆZ× I → Rn. Now we claim that H
is a G-homotopy. This is essentially true because the action of G on Rn is free away from
the origin and constant on the origin (thus, we are using the fact that the action of G on Sn−1
is free). In more detail, first note that F(qˆ× idI)(zˆ, t) = F(qˆ× idI)(gzˆ, t) for all (zˆ, t) ∈ ˆZ× I
and g ∈ G. Then let ˆZ0 = (p ˆf )−1(0). Since qnR| : Rn \{0} →
◦
c(X) \{v} is a covering map
and H0 is a G-map, it follows that H| : ( ˆZ \ ˆZ0)× I → Rn \ {0} is a G-map. Finally, note
that H( ˆZ0 × I) = {0} and ˆZ0 is G-invariant. Together these observations imply that H is a
G-homotopy.
It follows that H fits into a G-homotopy lifting problem:
ˆZ M
ˆZ× I Rn
❄
×0
✲
ˆf
❄
p
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜H
✲H
By hypothesis, there is a G-homotopy ˜H : ˆZ× I → M such that ˜H0 = ˆf and p ˜H is δ -close
to H. It follows that there is a unique map ˜F : Z× I → N making the following diagram
commute:
ˆZ× I
˜H
−−−−→ M
qˆ×idI
y yqM
Z× I
˜F
−−−−→ N
It follows that ˜F is a δ -solution of the original stratified problem. For this we use the assump-
tion that qRn : Rn →
◦
c(X) is distance non-increasing together with the following diagram
Z× I qˆ×idI←−−−− ˆZ× I =−−−−→ ˆZ× I qˆ×idI−−−−→ Z× I
F
y Hy yp ˜H y(p/G)◦ ˜F
◦
c(X)
qRn←−−−− Rn
=
−−−−→ Rn
qRn−−−−→
◦
c(X)
where the outer two squares are commutative and the middle square commutes up to δ . ⊓⊔
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We set up two basic lemmas on lifting homotopies across qRn : Rn →
◦
c(X), which will
be used in Section 6. Recall that G is a finite subgroup of O(n).
Lemma 4.4 Let Z be a G-space, and denote the quotient map p : Z → Z/G. Suppose f :
Z → Rn is a G-map and F : Z/G× I → ◦c(X) is a stratum-preserving homotopy such that
qRn ◦ f =F(−,0)◦ p. Then there is a unique G-homotopy ˜F : Z×I→Rn such that ˜F(−,0) =
f and qRn ◦ ˜F = F ◦ (p× idI).
Proof Since F ◦ (p× idI) : Z× I → ◦c(X) is a stratum-preserving homotopy, by Lemma 4.2,
there exists a homotopy ˜F : Z× I → Rn such that ˜F(−,0) = f and qRn ◦ ˜F = F ◦ (p× idI).
Observe, since ˜F is stratum-preserving and the restriction qRn | : Rn \{0} →
◦
c(X)\{v} is a
covering map, that ˜F is uniquely determined.
Define Z0 := Z \ f−1{0}. Note ˜F restricts to a homotopy ˆF : Z0 × I → Rn \ {0}. Let
g ∈ G and z ∈ Z0. Consider the paths
α := ˆF(g · z,−), β := g · ˆF(z,−) : I −→ Rn \{0}.
Note, since f is a G-equivariant, that
α(0) = f (g · z) = g · f (z) = β (0).
Note, since p and qRn are G-invariant, that
qRn ◦α = F(p(g · z),−) = F(p(z),−) = qRn ◦ ˆF(z,−) = qRn ◦β .
Therefore, by the Path Lifting Property, we obtain that α = β . Thus ˆF : Z0× I → Rn \{0}
is a G-homotopy. Hence ˜F : Z× I → Rn is a G-homotopy. ⊓⊔
Recall that the open cone ◦c(X) = Rn/G has the quotient metric.
Lemma 4.5 Let Z be a topological space, and let r > 0. There exists ε0 > 0 such that: if
F : Z× I → Rn \Bnr is a homotopy and qRn ◦F : Z× I →
◦
c(X) \ cr(X) is an ε0-homotopy,
then F is an ε0-homotopy.
Proof Since X is compact, there exists a finite cover U by non-empty open subsets U ⊆ X
such that the covering map q : Sn−1 → X evenly covers each U ∈U . Then the induced cover
on the metric subspace X ×{r} ⊂ ◦c(X) has a Lebesgue number ε0 > 0. So the restriction
of the induced cover ◦c(U ) := {◦c(U) | U ∈ U } to the frustum ◦c(X) \ cr(X) has the same
Lebesgue number ε0 > 0.
Let z ∈ Z. Then, since the track qRn F({z}× I) ⊂
◦
c(X) \ cr(X) has diameter < ε0, there
exists U ∈U such that qRn F({z}× I)⊂U× (r,∞). Let V ⊂ q−1(U) be the path component
of the point F(z,0). Then, since q|V : V →U is an isometry, the track F({z}× I) ⊂ V has
diameter < ε0. Thus F is an ε0-homotopy. ⊓⊔
5 Piecing together bounded fibrations
Throughout Section 5, we assume that G is a finite subgroup of O(n).
Our goal here is to adapt [19, Proposition 2.6] and give a detailed proof. This result will
be used in Section 6.
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Theorem 5.1 Let K ⊂V ⊂C ⊂U be G-subsets of Rn such that:
1. U,V are open subsets of Rn,
2. C,K are closed subsets of Rn, and
3. U (resp. V ) contains a metric neighborhood of C (resp. K).
For every ε > 0 there exists δ > 0 such that for every µ > 0 there exists ν > 0 satisfying:
If p : E → Rn is a G-δ -fibration over U and a G-ν-fibration over V , then p is a G-(ε ,µ)-
fibration over (C,K) for the class of compact, metric G-spaces.
The proof of the theorem is located at the end of this section. The following corollary is
required in Proposition 6.7 below.
Corollary 5.2 Let 0 < r1 < r2 be given. For every ε > 0 there exists δ > 0 such that for
every µ > 0 there exists ν > 0 satisfying: if p : E → Rn is a G-δ -fibration over Rn and a
G-ν-fibration over Rn \Bnr1 , then p is a G-(ε ,µ)-fibration over (Rn,Rn \Bnr2) for the class
of compact, metric G-spaces.
Proof This follows immediately from Theorem 5.1 by taking the G-subsets
K = Rn \Bnr2 ⊂V = R
n \Bnr1 ⊂C =U = R
n. ⊓⊔
5.1 Homotopy extension
First, we construct a certain strong deformation retraction. A G-space Z is normal if Z/G is
normal and the quotient map Z → Z/G is a closed map.
Lemma 5.3 Let B be an open G-subset of a normal G-space Z. Let A ⊂ B be a closed
G-subset of Z. There is a G-homotopy R : (Z× I)× I → Z× I such that:
1. R(−,0) has image in Z×{0}∪B× I, and
2. R(y,s) = y if s = 1 or y ∈ Z×{0}∪A× I.
Proof We may assume Z \B and A are non-empty. Since Z/G is a normal space, by the
Urysohn lemma, there exists a G-map υ : Z → I such that υ(Z \B) = {0} and υ(A) = {1}.
Define a G-homotopy
R : (Z× I)× I −→ Z× I; ((z, t),s) 7−→ (z,st +(1− s)tυ(z)).
This function satisfies the required properties. ⊓⊔
We adapt the Estimated Homotopy Extension Property [5, Prop. 2.1].
Lemma 5.4 Let Y0 be a closed G-subset of a finite-dimensional, locally compact, metric,
separable G-space Y . For every λ > 0: if h : Y → Rn is a G-map and H0 : Y0× I → Rn is a
G-λ -homotopy such that h|Y0 = H0(−,0), then there exists a G-λ -homotopy H : Y × I →Rn
extending H0 such that h = H(−,0).
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Proof We may assume Y0 is non-empty. Note that there are finitely many fixed-point sets
(Rn)H , each of which is a vector subspace of Rn, hence each (Rn)H is an ANR. Also note
that Y1 := Y ×{0} ∪Y0 × I is a closed G-subset of Y × I. Since Y is a finite dimensional,
locally compact, metric, separable G-space, by a theorem of J. Jaworowski [23, Thm. 2.2],
there exists an open G-neighborhood U1 of Y1 in Y and a G-map HU : U1 →Rn extending the
G-map h∪H0 : Y1 → Rn. By the tube lemma and uniting open G-sets, there exists an open
G-neighborhood U ′0 of Y0 in Y such that U ′0 × I ⊆U1. Since the tracks of HU |Y0 × I = H0
have diameter < λ , by continuity, there exists an open G-neighborhood U0 ⊆U ′0 of Y0 in Y
such that the tracks of HU |U0× I have diameter < λ .
We may assume Y \U0 is non-empty. Since Y/G is a normal space, by the Urysohn
lemma, there exists a G-map υ : Y → I such that υ(Y \U0) = {0} and υ(Y0) = {1}. Then,
since Y1 ⊆Y ×{0}∪U0 × I ⊆U1, we can define a G-homotopy
H : Y × I −→ Rn; (y,s) 7−→ HU (y,sυ(y)).
Note that H extends h∪H0. Also note diamH({y}× I) ≤ diamHU({y}× I) < λ for all
y ∈ Y . This completes the proof. ⊓⊔
We need an often-used corollary for close homotopies.
Corollary 5.5 Let X0 be a G-subset of a finite-dimensional, locally compact, metric, sep-
arable G-space X. For every λ > 0: if f : X → Rn is a G-map and F : X × I → Rn is a
G-homotopy, and if F ′0 : X0× I → Rn is a G-homotopy such that f |X0 = F ′0(−,0) and F ′0 is
λ -close to F |X0× I, then there exists a G-homotopy F ′ : X × I → Rn extending F ′0 such that
f = F ′(−,0) and F ′ is λ -close to F.
Proof Define Y0 := X ×{0}∪X0× I and Y := X × I and h := F : Y → Rn. Observe that the
straight-line homotopy
H0 : Y0× I −→ Rn; ((x, t),s) 7−→
{
(1− s)F(x,0)+ s f (x) if t = 0
(1− s)F(x, t)+ sF ′0(x, t) if x ∈ X0
is a G-λ -homotopy such that h|Y0 = H0(−,0). Then, by Lemma 5.4, there exists a G-λ -
homotopy H : Y × I → Rn extending H0 such that h = H(−,0). Define a G-homotopy
F ′ := H(−,1) : X × I −→ Rn.
Note F ′|X0×I =F ′0 and F ′(−,0)=H((−,0),1)= f . Also note ‖F ′(y)−F(y)‖= ‖H(y,1)−
H(y,0)‖< λ for all y ∈ X × I. This completes the proof. ⊓⊔
5.2 Homotopy lifting
We adapt the Stationary Lifting Property [17, Thm. 6.2].
Lemma 5.6 Let δ > 0. Let A ⊆ Rn be a G-subset. Let Y be a normal G-space. Suppose
p : E → Rn is a G-δ -fibration over A. If H : Y × I → A is a G-homotopy and h : Y → E is a
G-map such that ph = H(−,0), then there exists a G-homotopy ˜H : Y × I → E such that:
1. h = ˜H(−,0),
2. p ˜H is δ -close to H, and
3. ˜H({y}× I) = ˜H({y}×{0}) if H({y}× I) = H({y}×{0}).
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Proof Define a G-subset
C := {y ∈ Y | H({y}× I) = H({y}×{0})}.
Note that C is the inverse image of {0} under the G-map (y 7→ diamH({y}× I)). Hence
C is a closed G-Gδ -subset of Y ; that is, C is a closed G-subset of Y and C is a countable
intersection of open G-subsets of Y . Then, since Y/G is normal, by the strong Urysohn
lemma, there exists a G-map υ : Y → I such that C = υ−1{0}. Define a G-homotopy
H∗ : Y × I −→ A; (y,s) 7−→
{
H(y,s/υ(y)) if 0≤ s < υ(y)
H(y,1) if υ(y)≤ s≤ 1.
Note that υ−1{0}⊆C implies H∗(−,0) =H(−,0) = ph. Since p is a G-δ -fibration over
A, there exists a G-homotopy ˜H∗ : Y × I → E such that h = ˜H∗(−,0) and p ˜H∗ is δ -close to
H∗. Now define G-homotopy
˜H : Y × I −→ E; (y,s) 7−→ ˜H∗(y,sυ(y)).
Note ˜H(−,0) = ˜H∗(−,0) = h and ‖p ˜H(y,s)−H(y,s)‖= ‖p ˜H∗(y,sυ(y))−H∗(y,sυ(y))‖<
δ for all (y,s) ∈ Y × I. Furthermore, if y ∈ C ⊆ υ−1{0}, then note ˜H(y,s) = ˜H∗(y,0) =
˜H(y,0). This completes the proof. ⊓⊔
5.3 Blending bounds
We adapt [17, Lemma 4.7]. This result finds a jointly close solution to the homotopy lifting
problem for a prototypical kind of homotopy. We say that a neighborhood N of a subset A
of a metric space (X ,d) is metric if N equals the α-neighborhood {x ∈ X | d(x,A)< α} of
A in X for some α > 0.
Lemma 5.7 Let K ⊂ intK′ ⊂V ⊂C ⊂U be G-subsets of Rn such that:
1. U,V are open subsets of Rn,
2. K′,K are closed subsets of Rn, and
3. U contains a metric neighborhood of C.
Let Z be a finite-dimensional, locally compact, metric, separable G-space. For every ε > 0
there exists δ > 0 such that for every µ > 0 there exists ν > 0 satisfying: if p : E → B is a
G-δ -fibration over U and a G-ν-fibration over V , and if F : Z× I →C is a G-homotopy with
tracks in {int K′,C \K}, and if f : Z → E is a G-map such that p f = F(−,0), then there
exists a G-homotopy ˜F : Z× I → E such that f = ˜F(−,0) and p ˜F is (ε ,µ)-close to F with
respect to K.
Proof Let ε > 0. Select 0 < δ < ε . Let µ > 0. Select 0 < ν ≤ min{ε − δ ,µ} such that the
ν-neighborhood of C is contained in U . The G-homotopy ˜F : Z× I → E is constructed in
two steps.
The first step is to consider the G-subsets
Z1 := {z ∈ Z | F({z}× I)∩K 6=∅}
Z′1 := {z ∈ Z | F({z}× I) ⊂ intK′}.
Since K ⊂ intK′, by hypothesis on F, we have Z1 ⊆ Z′1. Since K and K′ are closed in Rn, we
have that Z1 is closed and Z′1 is open in Z. Since p is a ν-fibration over V ⊃ K′, there exists
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a G-homotopy ˜F0 : Z′1 × I → E such that f |Z′1 = ˜F0(−,0) and p ˜F0 is ν-close to F |Z′1 × I.
Then, by Corollary 5.5, there exists a G-homotopy F ′ : Z× I → Rn extending p ˜F0 such that
p f = F ′(−,0) and F ′ is ν-close to F . Hence ˜F0 is a partial lift of F ′ and the image of F ′ is
contained in U .
The second step is to use Lemma 5.3. Since Z is a normal G-space, there exists a G-
homotopy R : (Z× I)× I → Z× I such that R(−,0) has image in Z×{0}∪Z′1× I and that
R(y,s) = y if s = 1 or y ∈ Z×{0}∪Z1× I. Consider the G-homotopy F ′R : (Z× I)× I →Rn
with initial G-lift ( f ∪ ˜F0)R(−,0) : Z×I →E. Since p is a δ -fibration over U , by Lemma 5.6,
there exists a G-homotopy ˜FI : (Z× I)× I → E such that:
– ( f ∪ ˜F0)R(−,0) = ˜FI(−,0),
– p ˜FI is δ -close to F ′R, and
–
˜FI(y,s) = ( f ∪ ˜F0)(y) if y ∈ Z×{0}∪Z1× I.
Now define a G-homotopy
˜F := ˜FI(−,1) : Z× I −→ E.
Note ˜F(−,0) = ˜FI((−,0),1) = f . Also note ‖p ˜F(y)−F(y)‖ ≤ ‖p ˜FI(y,1)−F ′R(y,1)‖+
‖F ′(y)−F(y)‖ < δ + ν ≤ ε for all y ∈ Z× I. Furthermore, if F(z, t) ∈ K, then z ∈ Z1, so
note ‖p ˜F(y)−F(y)‖= ‖p ˜F0(y)−F(y)‖< ν ≤ µ . This completes the proof. ⊓⊔
Finally, we adapt [17, Theorem 4.8]. This result finds a jointly close solution to the
homotopy lifting problem for an arbitrary homotopy.
Proof (Proof of Theorem 5.1) To begin, we shall set up additional parameters. Select closed
G-subsets K1,K2,K3,C1 of Rn such that
K ⊂ intK1 ⊂ intK2 ⊂ K3 ⊂V ⊂C ⊂ intC1 ⊂C1 ⊂U
and U,K1 (resp. C\K1, intK3) contains a metric neighborhood of C1,K (resp. C1 \K, intK2).
Let ε > 0. Select 0 < δ ′ ≤ ε/3 such that C1 \K (resp. int K3) contains the 2δ ′-neighborhood
of C \K1 (resp. intK2). Select 0 < δ < δ ′. Let µ > 0. Select 0 < ν ′ ≤ µ/3. Select 0 < ν ≤
min{δ ′−δ ,ν ′} such that U contains the ν-neighborhood of C1.
Next, let Z be a compact, metric G-space. Let F : Z × I → C be a G-homotopy. Let
f : Z → E be a G-map such that p f = F(−,0). Since F is continuous, each z ∈ Z has a
neighborhood W z in Z and a finite partition Pz of I:
Pz = {0 = tz0 < · · ·< t
z
i < · · ·< t
z
nz = 1}
such that the partial-track F({z}× [tzi , t
z
i+1]) lies in either C\K1 or intK2. Since Z is compact,
the open cover {W z|z ∈ Z} admits a finite subcover, and the common refinement P of the
associated partitions is finite:
P = {0 = t0 < · · ·< ti < · · ·< tn = 1}.
Thus, for each z ∈ Z and 0≤ i < n, the partial-track F({z}× [ti, ti+1]) lies in either C\K1 or
intK2, depending on z.
Lastly, for each 0≤ i≤ n, we shall inductively define maps ˜Fi : Z× [0, ti]→ E such that:
–
˜F0 = f and ˜Fi extends ˜Fi−1 if i > 0,
– p ˜Fi is (ε ,µ)-close to F|Z× [0, ti] with respect to K, and
– p ˜Fi|Z×{ti} is (δ ′,ν ′)-close to F |Z×{ti} with respect to K if i < n.
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Hence ˜F := ˜Fn : Z× I → E shall be the desired homotopy.
Since p f = F(−,0), note ˜F0 := f satisfies the above properties. Assume, for some 0 ≤
i < n, that there exists ˜Fi satisfying the three properties. Since F is continuous and X is
compact, by the tube lemma, there exists ti < si+1 < ti+1 such that diamF({z}× [ti,s])< δ ′
(resp. < ν ′) for all z ∈ Z (resp. if F(z, ti) ∈K). Select ti < si < si+1. Define a G-homotopy H
from p ˜Fi|Z×{ti} to F |Z×{ti+1} by
H : Z× [ti, ti+1]−→ Rn; (z, t) 7−→

si− t
si− ti
p ˜Fi(z, ti)+
t− ti
si− ti
F(z, ti) if t ∈ [ti,si]
F
(
z, ti +
si+1− ti
si+1− si
(t− si)
)
if t ∈ [si,si+1]
F(z, t) if t ∈ [si+1, ti+1].
Note, for all (z, t) ∈ Z× [ti, ti+1], that
‖H(z, t)−F(z, t)‖ ≤

si− t
si− ti
‖p ˜Fi(z, ti)−F(z, ti)‖+‖F(z, ti)−F(z, t)‖ if t ∈ [ti,si]
diamF({z}× [ti,si+1]) if t ∈ [si,si+1]
0 if t ∈ [si+1, ti+1].
Then observe that:
– H is (2δ ′,2ν ′)-close to F|Z× [ti, ti+1] with respect to K,
– H has image in C1, and
– H has tracks in {intK3,C1 \K}.
Since p is a δ -fibration over U and a ν-fibration over V , by Lemma 5.7 and the epsilonics in
its proof, there exists a G-homotopy ˜H : Z× [ti, ti+1]→ E such that ˜Fi(−, ti) = ˜H(−, ti) and
p ˜H is (δ ′,ν ′)-close to H with respect to K. Now define
˜Fi+1 := ˜Fi ∪ ˜H : Z× [0, ti+1]−→ E.
Note, for all (z, t) ∈ Z× [ti, ti+1], that
‖p ˜Fi+1(z, t)−F(z, t)‖ ≤ ‖p ˜H(z, t)−H(z, t)‖+‖H(z, t)−F(z, t)‖.
Hence p ˜Fi+1 is (ε ,µ)-close to F on Z× [ti, ti+1] with respect to K. Furthermore p ˜Fi+1| is
(δ ′,ν ′)-close to H| = F| on Z ×{ti+1} with respect to K. This concludes the inductive
construction of the desired homotopy ˜F . ⊓⊔
6 Equivariant sucking over Euclidean space
Throughout Section 6, we assume that G is a finite subgroup of O(n), that G acts freely on
Sn−1 and on M, and that M is a manifold of dimension m > 4.
The following theorem is the main result herein; the proof is located at the end of the
section. It is an equivariant version of the first part of Corollary 3.35 and appears in the
Introduction as Theorem 1.4.
Theorem 6.1 For every ε > 0 there exists δ > 0 such that: if p : M → Rn is a proper G-δ -
fibration, then p is G-ε-homotopic to a G-MAF.
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The proof of Theorem 6.1 shows that δ is independent of M but is dependent on dim(M).
The following corollary is an equivariant version of the second part of Corollary 3.35.
The scaling trick in the proof is due to Chapman [4] in the non-equivariant case.
Corollary 6.2 If p : M → Rn is a proper G-bounded fibration, then p is G-boundedly ho-
motopic to a G-MAF.
Proof Obtain δ > 0 from Theorem 6.1 with ε = 1. Let p : M → Rn be a proper G-bounded
fibration. That is, there exists λ > 0 such that p is a proper G-λ -fibration. There exists L > 0
such that λ/L < δ . Then, since G ⊆ O(n), note that 1L p is a proper G-δ -fibration. So, by
Theorem 6.1, there exists a G-1-homotopy H : M× I → Rn such that H(−,0) = 1L p and
p1 := H(−,1) is a G-MAF. Therefore the scaled map L ·H : M× I −→ Rn is a bounded
G-homotopy from p to a G-MAF Lp1. ⊓⊔
The rest of this section is devoted to the proof of Theorem 6.1.
Lemma 6.3 Let 0 < r1 < r2 be given. For every ε > 0 there exists δ > 0 satisfying: if
p : M →Rn is a proper G-δ -fibration and a G-MAF over Rn \Bnr1 , then, for every ν > 0, the
map p is a G-(ε ,ν)-fibration over (Rn,Rn \Bnr2) for the class of compact, metric G-spaces.
Proof This is an immediate consequence of Corollary 5.2. ⊓⊔
Lemma 6.4 Let r > 0 and in the following commutative diagram
M qM−−−−→ N
p
y yp/G
Rn
qRn−−−−→
◦
c(X)
suppose that p is a proper G-map and p/G is a MAF over ◦c(X)\cr(X). Then p is a G-MAF
over Rn \Bnr .
Proof Let Z be a G-space, and denote the quotient map qZ : Z → Z/G. Let ε > 0. Let
f : Z →M and F : Z×I →Rn be the data for an ε-lifting problem: F(z, t) = p f (z)∈Rn\Bnr .
Consider the induced ε-lifting problem, consisting of the continuous maps ¯f : Z/G→N and
¯F : Z/G× I → ◦c(X) of quotient spaces such that ¯F(w, t) = qM ¯f (w) ∈ ◦c(X) \ cr(X). Since
p/G is an ε-fibration over ◦c(X) \ cr(X), there exists an ε-solution: ¯H : Z/G× I → N such
that ¯H(w,0) = f (w) and d(p/G◦ ¯H , ¯F)< ε . Define a G-invariant map
H := ¯H(qZ × idI) : Z× I −→ N.
Note that H(z,0) = f qZ(z) = qM f and that p/G◦H is ε-close to p/G◦ ¯F = qRn F .
Now, since G acts freely on M implies that qM is a covering map, by the Homotopy
Lifting Property, there exists a unique map ˜F : Z × I → M such that ˜F(z,0) = f (z) and
qM ˜F = H. Note, for any z ∈ Z and γ ∈ G, since f is G-equivariant and H is G-invariant,
that both the paths γ ˜F(z,−) and ˜F(γz,−) have common initial point γ f (z) = f (γz) and
have common qM-composition H(z,−) = H(γz,−). Thus, by the uniqueness property of
path lifts in a covering space, we must have γ ˜F(z, t) = ˜F(γz, t) for all γ ∈ G,z ∈ Z, t ∈ I.
Therefore ˜F : Z× I → M is a G-homotopy. Since qRn is distance non-increasing, note
d(p ˜F ,F) ≤ d(qRn p ˜F ,qRn F) = d(p/G◦qM ˜F ,qRn F) = d(p/G◦H,qRn F)< ε .
Thus ˜F is an ε-solution to the lifting problem given by f and F . Therefore p is an ε-fibration
over Rn \Bnr , for all ε > 0. ⊓⊔
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The proof of the following lemma follows immediately from the definition.
Lemma 6.5 Let r > 0 and in the following commutative diagram
M qM−−−−→ N incl←−−−− N ′ = g−1(X × (0,∞))
p
y yp/G yp/G|
Rn
qRn−−−−→
◦
c(X) incl←−−−− X × (0,∞)
suppose that p is a proper G-map. If p/G| is a MAF over X × (r,∞), then p/G is a MAF
over
◦
c(X)\ cr(X). ⊓⊔
Lemma 6.6 For every ε > 0 there exists δ > 0 such that: if p : M → Rn is a proper G-δ -
fibration, then p is G-ε-homotopic to a map p′ that is a G-MAF over Rn \ ¯Bnε .
Proof Let ε > 0 and m > 4 be given. By Lemma 4.5, there exists 0 < ε0 ≤ ε/4 such that:
if Z is a topological space and F : Z × I → Rn \Bnε/2 is a homotopy and qRn ◦ F is an
ε0-homotopy, then F is an ε0-homotopy. By Proposition 3.13, the open cone
◦
c(X) = Rn/G
with the induced metric has finite isometry type. Then, since X = Sn−1/G is a closed smooth
manifold, by Proposition 3.16 and Corollary 3.34, there exists δ > 0 such that: if P is an m-
manifold and f : P→X×(0,∞) is a proper δ -fibration over (ε/2,∞), then f is ε0-homotopic
rel f−1(X × (0,ε− ε0]) to a map f ′ that is a MAF over X × (ε ,∞).
Let p : M → Rn be a proper G-δ -fibration. By Proposition 4.3, the induced map g :=
p/G : N → ◦c(X) is a proper stratified δ -fibration. Consider the m-manifold P := N \g−1{v}
and f := g|P : P → X × (0,∞). Since f is a proper δ -fibration over (ε/2,∞), there exists
an ε0-homotopy H : P× I → X × (0,∞) rel f−1(X × (0,ε − ε0]) from f to a MAF f ′ over
X × (ε ,∞). This extends uniquely to an ε0-homotopy ¯H : N× I →
◦
c(X) rel g−1(cε−ε0(X))
from g to some g′ := ¯H(−,1). Note, by Lemma 6.5, that g′ is a MAF over the frustum
◦
c(X)\ cε (X).
By Lemma 4.4, there is a unique G-homotopy ˜H : M× I → Rn such that ˜H(−,0) = p
and qRn ◦ ˜H = ¯H ◦ (qM × idI). Observe that ˜H restricts to a constant homotopy on M0 :=
p−1(Bnε−ε0). Furthermore, there exists a restriction
¯H| : (N \qM(M0))× I −→
◦
c(X)\ cε−2ε0(X)⊆
◦
c(X)\ cε/2(X).
Then the restriction ˜H| : (M \M0)× I → Rn \Bnε/2 exists and is an ε0-homotopy. Hence
˜H : M× I → Rn is an G-ε-homotopy. Finally, consider the map p′ := ˜H(−,1) : M → Rn.
Since p′ is a proper G-map covering g′, by Lemma 6.4, we conclude that p′ is a G-MAF
over Rn \Bnε . ⊓⊔
Proposition 6.7 For every ε > 0 there exists δ > 0 satisfying: if p : M → Rn is a proper
G-δ -fibration, then p is G-ε-homotopic to a map p′ that is, for every ν > 0, a proper G-
(ε ,ν)-fibration over (Rn,Rn \Bnε ) for the class of compact, metric G-spaces.
Proof Let ε > 0 be given. Let r1 = ε/2 and r2 = ε . Let δ1 > 0 be given by Lemma 6.3 for
ε , r1, and r2. Let δ2 > 0 be given by Lemma 6.6 for min(ε/2,δ1/2).
Let δ =min (δ2,δ1/2). If p : M→Rn is a proper G-δ -fibration, then Lemma 6.6 implies
that p is G-δ1/2-homotopic to a map p′, where p′ is a G-MAF over Rn \Bnε/2. Now p′ is a
G-δ1-fibration. It follows from Lemma 6.3 that, for every ν > 0, the map p′ is a G-(ε ,ν)-
fibration over (Rn,Rn \Bnε ) for the class of compact, metric G-spaces. ⊓⊔
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Definition 6.8 Let r > 0. The radial crush with parameter r is the G-map
ρr : Rn −→ Rn; x 7−→
{
(1− r‖x‖ )x if r < ‖x‖
0 if ‖x‖ ≤ r.
Lemma 6.9 Let r > 0.
1. There is a G-r-homotopy from idRn to ρr.
2. The map ρr is distance non-increasing.
3. The map ρr is a G-MAF.
Proof Part (1) is given by the straight-line homotopy
H :Rn× I −→ Rn; (x, t) 7−→
{
(1− tr‖x‖ )x if r < ‖x‖
(1− t)x if ‖x‖ ≤ r.
This is easily checked to be a G-r-homotopy.
Part (2) follows from the calculation
‖ρr(x)−ρr(y)‖2 =

0 if ‖x‖,‖y‖ ≤ r
(‖y‖− r)2 if ‖x‖ ≤ r ≤ ‖y‖
‖x− y‖2−2r(1− cos θ)(‖x‖+‖y‖− r) if r ≤ ‖x‖,‖y‖
≤ ‖x− y‖2 .
The inequality in the second case follows from the Triangle Inequality. The equality in the
third case follows from the Law of Cosines, where cosθ = 〈x,y〉‖x‖‖y‖ .
For Part (3), consider the above straight-line homotopy H = {Ht : Rn → Rn}t∈I . Ob-
serve, for each t ∈ [0,1), that Ht is a G-homeomorphism. Moreover, for each t ∈ [0,1), note,
for all y ∈ Rn, that
‖y−ρrH−1t (y)‖=
{
(1− t)r if (1− t)r < ‖y‖
‖y‖ if ‖y‖ ≤ (1− t)r
and hence, for all x ∈ Rn, that
‖ρr(x)−ρrH−1t ρr(x)‖=
{
(1− t)r if r < ‖x‖
0 if ‖x‖ ≤ r.
Let ε > 0. Select T ∈ [0,1) such that (1−T )r < ε . Then, the straight-line homotopy from
idRn to ρrH−1T is a G-ε-homotopy, and the straight-line homotopy from idRn to H−1T ρr is
a G-ε-homotopy, when measured in the target Rn using ρr . Hence ρr : Rn → Rn is a G-ε-
homotopy equivalence. Therefore, by (b) =⇒ (c) in [26, Theorem 3.4], we conclude that ρr
is a G-approximate fibration. ⊓⊔
Lemma 6.10 Let a,ε > 0. Suppose, for all ν > 0, that p : M → Rn is a proper G-(ε ,ν)-
fibration over (Rn,Rn\Bna) for the class of compact, metric G-spaces. If ρ = ρa+ε : Rn →Rn
is the radial crush with parameter a+ ε , then the composite ρ ◦ p : M → Rn is a G-MAF.
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Proof Let Z be a compact, metric G-space. Let µ > 0. Suppose the following diagram is a
G-homotopy lifting problem:
Z M
Rn
Z× I Rn
❄
×0
✲f
❄
p
❄
ρ
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
✕
˜F
✲F
Then the following is also a G-homotopy lifting problem:
Z Rn
Z× I Rn
❄
×0
✲p f
❄
ρ
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
ˆF
✲F
By Lemma 6.9(3) this latter problem has a G-µ/2-solution ˆF : Z× I → Rn. It follows that
Z M
Z× I Rn
❄
×0
✲f
❄
p
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
✒
˜F
✲ˆF
is also a G-homotopy lifting problem, which by hypothesis has a G-(ε ,µ/2)-solution ˜F : Z×
I →M over (Rn,Rn \Bna). We show that ρ p ˜F is µ-close to F , as follows.
Let (z, t) ∈ Z× I. There are two cases to consider. First suppose ˆF(z, t) ∈ Rn \Bna. Then
p ˜F(z, t) is µ/2-close to ˆF(z, t) because ˜F is a (ε ,µ/2)-solution. Therefore, ρ p ˜F(z, t) is
µ/2-close to ρ ˆF(z, t) because ρ is distance non-increasing by Lemma 6.9(2). Also ρ ˆF(z, t)
is µ/2-close to F(z, t) because ˆF is a µ/2-solution. Thus, ρ p ˜F(z, t) is µ-close to F(z, t).
Second suppose ˆF(z, t) ∈ Bna. In particular, ρ ˆF(z, t) = 0. Then p ˜F(z, t) is ε-close to ˆF(z, t)
because ˜F is an ε-solution. Therefore, p ˜F(z, t) ∈ Bna+ε and so ρ p ˜F(z, t) = 0. Also F(z, t)
is µ/2-close to ρ ˆF(z, t) = 0 because ˆF is a µ/2-solution. Thus, F(z, t) is µ/2-close to
ρ p ˜F(z, t). Hence ρ p ˜F is µ-close to F. In any case, we have shown ρ p ˜F is µ-close to F .
Thus ρ p : M → Rn is an approximate G-fibration for the class of compact, metric G-
spaces. Therefore, by a result of S. Prassidis [26, Prop. 2.18], we conclude that ρ p is an
approximate G-fibration for the class of all G-spaces. ⊓⊔
Proof (Proof of Theorem 6.1) Given ε > 0, let δ be given by Proposition 6.7 for ε/3. It
follows that p is G-ε/3-homotopic to a map p′ : M → Rn that is, for all ν > 0, a proper
G-(ε/3,ν)-fibration over (Rn,Rn \Bnε/3) for the class of compact, metric G-spaces. Let ρ =
ρ2ε/3 : Rn →Rn, the radial crush with parameter 2ε/3. Lemma 6.10 implies that ρ p′ : M →
Rn is a G-MAF. Lemma 6.9(1) implies that there is a G-2ε/3-homotopy from idRn to ρ .
Therefore, p is G-ε-homotopic to ρ p′, a G-MAF. ⊓⊔
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7 Bounded fibrations from discontinuous actions
First, we show certain Γ -spaces W admit an equivariant map to the real line.
Proposition 7.1 Let W be a connected topological manifold equipped with a free, discon-
tinuous C∞-action (resp. with a free, discontinuous D∞-action). Then there exists a C∞-map
(resp. D∞-map) f : W → R. Hence f is the infinite cyclic cover of a map (resp. C2-map)
f : M → S1 of topological manifolds.
Proof Consider the infinite group Γ :=C∞ (resp. Γ := D∞). Since the Γ -action on W is free
and discontinuous, the quotient map q : W → N :=W/Γ is a regular covering map. Since N
is a connected topological manifold, by [24, Essay III, Theorem 4.1.3], there exists a (locally
finite) simplicial complex N ′ and a homotopy equivalence h : N ′ → N. Then the pullback
W ′ := h∗(W ) has a canonical map q′ : W ′→N ′. Since q is a covering map, we have that q′ is
a covering map. Then W ′ has an induced simplicial structure and free, simplicial Γ -action.
By replacing the simplicial structure on W with the first barycentric subdivision, we obtain
that W ′ is a free Γ -CW-complex. Furthermore, by covering space theory, the canonical map
g : W ′ → W (satisfying q ◦ g = h ◦ q′) is a Γ -homotopy equivalence. Then there exists a
Γ -map g′ : W →W ′ that is a Γ -homotopy inverse to g. Since W ′ is a Γ -CW-complex with
isotropy in the family f in of finite subgroups of Γ , by [29, Theorem I.6.6], there exists a
Γ -map c : W ′→ E f inΓ = R. Now define the desired Γ -map by f := c◦g′ : W −→ R. ⊓⊔
The main theorem herein shows that C2-bands unwrap to C2-bounded fibrations.
Definition 7.2 A manifold band (M, f ) consists of a closed, connected topological man-
ifold M and a continuous map f : M → S1 such that the induced infinite cyclic cover
M := f ∗(R) is connected and finitely dominated (cf. [16, Defn. 15.3]). Let the circle S1 have
the C2-action generated by complex conjugation R : z 7→ z. A C2-manifold band (M, f ,R)
consists of a manifold band (M, f ) and a C2-action on M, generated by a homeomorphism
R : M →M, such that the continuous map f : M → S1 is C2-equivariant.
We do not assume that the C2-action on M is free.
Definition 7.3 Let (M, f ,R) be a C2-manifold band. The infinite cyclic cover (M, f ,R) is
defined by the pullback diagram
M f−−−−→ R
p
y expy
M f−−−−→ S1
and the diagonal C2-action
R : M −→M; (x, t) 7−→ (Rx,−t).
The covering translation is defined by
T : M −→M; (x, t) 7−→ (x, t +1)
and satisfies the dihedral relation RT = T−1R. Note that all the maps in the diagram are
proper and C2-equivariant, and moreover that f is D∞-equivariant. Observe that (M, f ) is a
connected manifold band if and only if M is a connected, finitely dominated manifold.
34
Example 7.4 Let n > 0. An example of a free C2-manifold band is
(Sn×S1,projS1 ,(x,z) 7−→ (−x,z)) .
The following infinite cyclic cover possesses a free D∞-action:
(Sn×R,projR,(x, t) 7−→ (−x,−t)) .
The following statements are equivariant versions of [16, Props. 17.13, 17.14].
Lemma 7.5 Let (M, f ,R) be a C2-manifold band. Then there exists a C2-homotopy
{Ks : M×R→ M×R}s∈I ,
called a C2-sliding domination, and a constant N > 1 such that:
1. K0 = idM×R,
2. projR ◦Ks = projR for all s ∈ I,
3. Ks|Graph( f : M → R) is the inclusion for all s ∈ I, and
4. K1(M×R)⊆ {(x, t) | | f (x)− t| ≤ N}.
We perform a folding trick to construct K indirectly.
Proof By [16, Proposition 17.13], there exists a homotopy
{K′s : M×R→ M×R}s∈I ,
called a sliding domination, and a constant N > 1 satisfying Properties (1)–(4). Then, by
Property (3) for K′, there is a well-defined, continuous C2-map
K : I×M×R−→ M×R; (s,x, t) 7−→
{
K′s(x, t) if f (x)≤ t
RK′s(x, t) if f (x)≥ t.
One checks easily that K and N satisfy Properties (1)–(4). ⊓⊔
Theorem 7.6 Let (M, f ,R) be a C2-manifold band. Then the proper map f : M → R is a
C2-bounded fibration.
Proof We show that f is an (C2,N + ε)-fibration for any ε > 0. Consider the C2-sliding
domination K with constant N > 1 of Lemma 7.5. Let g : Z → M be a C2-map and G :
Z× I → R be a C2-homotopy such that G(z,0) = f g(z). First, define a C2-homotopy
ˆG : Z× I −→M×R; (z, t) 7−→ (g(z),G(z, t)).
Next, define a C2-homotopy
˜G : Z× I −→M; ˜G := projM ◦K1 ◦ ˆG.
Note Lemma 7.5(2) implies K1 ˆG = ( ˜G,G). Then Lemma 7.5(4) implies d( f ˜G,G) ≤ N.
Therefore f : M → R is a C2-bounded fibration. ⊓⊔
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8 Dihedral wrapping up over the real line
The main theorem herein constructs a dihedral covering translation. The non-C2-version is
given in [16, Theorem 17.1], and we modify some of its techniques.
Theorem 8.1 Let W is a topological manifold of dimension > 4 and equipped with a free
C2-action generated by R : W →W . Suppose p : W → R is a C2-MAF.
1. There exists a cocompact, free, discontinuous D∞-action on W extending the C2-action.
2. The C2-MAF p : W → R is properly C2-homotopic to a D∞-MAF p˜ : W → R.
We shall construct a covering translation J1 : W →W satisfying the dihedral relation
RJ1 = J−11 R. The basic technique is to cut, fill in, and paste embeddings.
Proof (Proof of Theorem 8.1(1)) First, we decompose W and obtain a certain isotopy G.
Consider a decomposition W =C−∪∂−B B∪∂+B C+ into closed subsets:
B := p−1[−µ ,µ ], ∂−B := p−1{−µ}, ∂+B := p−1{µ},
C− := p−1(−∞,−µ ], C+ := p−1[µ ,∞).
Also consider the auxiliary compact subsets
K := p−1[−1,−µ ], ∂−K := p−1{−1}.
Define an isotopy g : I×R→ R from the identity:
{gs : R−→ R; t 7−→ s+ t}s∈I .
Select 0 < µ < 37 . Then, by Corollary 2.8, there exists an isotopy G : I×W →W of home-
omorphisms such that G0 = idW and pGs is µ/3-close to gs p for all s ∈ I.
Second, we construct the homeomorphism J1 : W →W in four steps, as follows. In fact,
we shall construct an isotopy J : I ×W → W of homeomorphisms from J0 = idW to the
desired J1 such that pJs is µ-close to gs p.
1. Define an isotopy H of embeddings from the inclusion:{
Hs := RG−1s R|K∪Gs|C+ : K∪C+ −→W
}
s∈I .
Indeed each Hs is injective, since RG−1s R(K)∩Gs(C+) =∅.
2. Since K ∪ ∂+B is compact and H|K ∪ ∂+B is the restriction of a proper isotopy of a
neighborhood of K ∪ ∂+B in W , by the Isotopy Extension Theorem of Edwards–Kirby
[9, Cor. 1.2], we obtain that H|K∪∂+B extends to an isotopy ¯H from the identity:
{ ¯Hs : W −→W}s∈I .
Then H|K ∪C+ extends to an isotopy of embeddings from the inclusion:{
J+s := Hs|K∪ ¯Hs|B∪Hs|C+ : K∪B∪C+ −→W
}
s∈I .
Since each ¯Hs(B) is the unique compact subset of W with frontier Hs(∂−B∪ ∂+B), we
obtain ¯Hs(intB)∩Hs(K∪C+) =∅. So J+s is indeed injective.
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3. Since Hs(∂−K) ⊂ B, we obtain C+ ⊂ J+s (K ∪B∪C+). Then we can define an isotopy
J− of embeddings from the inclusion:{
J−s := R(J+s )−1R|C− : C− −→W
}
s∈I .
4. Note J−s |K = RG−1s R|K = J+s |K. Therefore, we can define an isotopy J of homeomor-
phisms from idW as a union:{
Js := J−s |C−∪ J+s |(B∪C+) : W −→W
}
s∈I .
Third, we verify that pJs is µ-close to gs p for all s ∈ I. Note, for all x ∈C−, writing y :=
(J+s )−1(Rx), that |pJ−s (x)− gs p(x)| = |pR(J+s )−1R(x)−Rg−1s Rp(x)| = |gs p(y)− pJ+s (y)|.
Hence it suffices to verify that pJ+s is µ-close to gs p. If x ∈ C+ then |pJ+s (x)− gs p(x)| =
|pGs(x)− gs p(x)| < µ/3. If x ∈ K, writing y := G−1s (Rx), then note |pJ+s (x)− gs p(x)| =
|pRG−1s R(x)−Rg−1s Rp(x)|= |gs p(y)− pGs(y)|< µ/3. Otherwise, suppose x ∈ B. Since ¯H
is an isotopy, we have s−2µ/3 < inf pRG−1s R(∂−B)≤ p ¯Hs(x)≤ sup pGs(∂+B)< s+2µ/3.
Then |pJ+s (x)− gs p(x)| = |p ¯Hs(x)− gs p(x)| ≤ |g−1s p ¯Hs(x)|+ |p(x)| < 2µ/3 + µ/3 = µ .
Therefore pJs is µ-close to gs p for all s ∈ I.
Fourth, we verify that J1 satisfies the dihedral relation. On the one hand, recall C+ ⊂
J+s (K∪B∪C+) and J−s |K = J+s |K. On the other hand, observe µ/3 < 17 implies J
+
1 (∂−B)⊂
intC+ hence C−∪B⊂ J1(C−). Then
J−11 R|C− = (J
+
1 )
−1R|C− = RJ−1 |C− = RJ1|C−
J−11 R|(B∪C+) = (J
−
1 )
−1R|(B∪C+) = RJ+1 |(B∪C+) = RJ1|(B∪C+).
Therefore the dihedral relation J−11 R = RJ1 holds. (In fact, the relation J−1s R = RJs holds for
all s ∈ [7µ/3,1].) Hence {R,J1} generates a D∞-action on W .
Finally, we verify that the D∞-action is cocompact. Let x ∈W . Define a neighborhood
U := p−1(p(x)− µ , p(x)+ µ) of x in W . Since pJ1 is µ-close to g1 p and µ < 12 , we have
pJ1(U)∩ p(U) =∅. Thus the C∞-action generated by J1 is free and discontinuous. That is,
the quotient map W →W/J1 is a covering map. Furthermore, define a J1R-invariant subset
V := p−1[0,∞)∩ J1 p−1(−∞,0]
with frontier ∂V := p−1{0}⊔ J1 p−1{0} in W . Since pJ1 is µ-close to g1 p, it follows that
V is compact. Note W =
⋃
n∈Z(J1)n(V ) and (J1)n(V )∩ (J1)m(V ) ⊂ ∂V for all m,n ∈ Z.
Therefore V is a fundamental domain for J1 and W/J1 is compact. ⊓⊔
We shall construct a D∞-MAF p˜ : W → R according to the following outline: (1) use
Urysohn functions to interpolate crudely between p and g1 pJ−11 , (2) use relative sucking to
sharpen the bounded fibration to an approximate fibration, (3) use a crushing map to force
C2-equivariance about 12 , and (4) use the fundamental domain V to copy-and-paste across
W to force C∞-equivariance.
Proof (Proof of Theorem 8.1(2)) It suffices to construct the desired D∞-MAF p˜ : W → R,
since the straight-line homotopy is a proper C2-homotopy from p to p˜:
H : I×W −→ R; (s,x) 7−→ (1− s)p(x)+ sp˜(x).
First, by the relative sucking principle (Prop. 2.6), we may re-select 0 < µ < 148 so that:
if f : W → R is a proper 2µ-fibration which is an approximate fibration over (−∞, 724 )∪
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( 1724 ,∞), then f is homotopic rel f−1((−∞, 14 )∪ ( 34 ,∞)) to an approximate fibration f ′ : W →
R. Then, since µ < 13 , by the Urysohn lemma, there exists a map u : W → I such that
p−1(−∞, 13 ]⊆ u
−1{0} and J1 p−1[− 13 ,∞)⊆ u
−1{1}. Define a proper map
p′ : W −→ R; x 7−→ u(x)+ pJ−1
u(x)(x).
Second, note |p′(x)− p(x)| = |gs p(y)− pJs(y)| < µ for all x ∈ W , where we abbre-
viate s := u(x) and y := J−1s (x). Since p is a µ-fibration, we conclude that p′ is a 2µ-
fibration. Furthermore, since µ < 124 implies (p′)−1(−∞,
7
24 ) ⊂ p
−1(−∞, 13 ], we obtain that
p′ restricts to the approximate fibration p over (−∞, 724 ). Moreover, since µ <
1
48 im-
plies (p′)−1( 1724 ,∞) ⊂ J1 p
−1[− 13 ,∞), we obtain that p
′ restricts to the approximate fibration
g1 pJ−11 over (
17
24 ,∞). Therefore p
′ is homotopic rel (p′)−1((−∞, 14 )∪ (
3
4 ,∞)) to an approxi-
mate fibration p′′ : W → R.
Third, consider a proper cell-like map
κ :R−→ R; t 7−→

2t if t ∈ [0, 14 ]
1
2 if t ∈ [
1
4 ,
3
4 ]
2t +1 if t ∈ [ 34 ,1]
t if t ∈ (−∞,0]∪ [1,∞).
By the composition principle [7, p. 38], we obtain that p′′′ := κ ◦ p′′ : W → R is also an
approximate fibration. Furthermore, since pR = Rp and J1R = RJ−11 , note p′′′ ◦ J1R = g1R◦
p′′′; roughly speaking, p′′′ is C2-equivariant about 12 .
Fourth, recall that V = p−1[0,∞)∩ J1 p−1(−∞,0]. It follows that p′′′|p−1{0} = p| and
p′′′|J1 p−1{0} = g1 pJ−11 |. Then we can define a proper map
p˜ : W −→ R; x 7−→ gm1 p
′′′J−m1 (x) where x ∈ J
m
1 (V ).
Since p˜◦J1 = g1◦ p˜ and p˜◦J1R= g1R◦ p˜, we obtain that p˜ is a proper D∞-map. Furthermore,
by the uniformization principle [7, p. 43], we obtain that p˜ is an approximate fibration.
Therefore, by Lemma 8.2 (see below), we conclude that p˜ is in fact a D∞-MAF. ⊓⊔
Lemma 8.2 Let W be a topological manifold equipped with a free, discontinuous D∞-
action. Suppose p˜ : W → R is a proper D∞-map and an approximate fibration. Then p˜ is
a D∞-MAF.
Proof First, we show that the induced C2-map p˜/J1 : W/J1 → R/Z = S1 is indeed a C2-
MAF. By Coram–Duvall’s uniformization principle [7, p. 43], we conclude that p˜/J1 :
W/J1 → S1 is an approximate fibration. Since C2 acts freely on W , that the fixed-set re-
striction ( p˜/J1)R : (W/J1)R = ∅→ (S1)R = {1,−1} is trivially an approximate fibration.
By Jaworowski’s recognition principle [23, Thm. 2.1], both the finite-dimensional spaces
W/J1 and S1 are C2-ENRs, hence they are C2-ANRs for the class of separable metric spaces.
Therefore, by Prassidis’s recognition principle [26, Thm. 3.1], we conclude that p˜/J1 is a
C2-approximate fibration.
Now, we show, by an elementary argument, that p˜ : W → R is a D∞-MAF. Let Z be a
D∞-space, and let 0 < ε < 12 . Let F : Z× I → R be a D∞-homotopy. Let f : Z →W be a
D∞-map such that p˜ f = F(−,0). Since p˜/J1 : W/J1 → S1 is a C2-ε-fibration, there exists a
C2-homotopy F˜/J1 : Z/J1× I →W/J1 such that f /J1 = (F˜/J1)(−,0) and ( p˜/J1)(F˜/J1) is
ε-close to F/J1. Furthermore, consider the normalization map
Θ : R2 \{0} −→ S1; y 7−→ y/‖y‖.
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Since ε < 12 , there is the unique great-circle C2-ε-homotopy
H : I× (Z/J1× I) −→ S1 ⊂ R2;
(s,x) 7−→Θ
(
(1− s)( p˜/J1)(F˜/J1)(x)+ s(F/J1)(x)
)
.
Since W →W/D∞ is a covering map, there exists a unique D∞-homotopy ˜F : Z× I →W
such that f = ˜F(−,0) and ˜F/J1 = F˜/J1. Then, since R→ S1 is a covering map, there exists
a unique C∞-homotopy ˜H : I× (Z× I)→R such that p˜ ˜F = ˜H(0,−) and p˜ f = ˜H(−,(−,0))
and F = ˜H(1,−) and ˜H/J1 = H. Furthermore, since H is an ε-homotopy and the quotient
map R→ S1 is a local isometry, we conclude that ˜H is an ε-homotopy. Hence p˜ ˜F is ε-close
to F . Thus p˜ is a D∞-ε-fibration for all 0 < ε < 12 . Therefore p˜ is a D∞-MAF. ⊓⊔
Example 8.3 Finally, we illustrate why the proper C2-homotopy in Part (2) cannot be im-
proved to a bounded C2-homotopy from p to p˜. Let m 6= 0,1 be a real number. Define a
homeomorphism
p :R−→ R; x 7−→ mx.
Clearly p is a C2-MAF. Assume that p is boundedly C2-homotopic to a D∞-MAF p˜ :R→R.
In particular, p is ε-close to a C∞-map p˜ for some ε > 0. Then an elementary argument shows
that p˜ is µ-close to the C∞-map
q :R−→ R; x 7−→ p˜(0)+ x
for any µ > supx∈[0,1] | p˜(x)−q(x)|. Hence p is (ε +µ)-close to q, a contradiction.
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